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NONCOMMUTATIVE GEOMETRY AND CONFORMAL GEOMETRY. I.
LOCAL INDEX FORMULA AND CONFORMAL INVARIANTS
RAPHAE¨L PONGE AND HANG WANG
Abstract. This paper is part of a series of articles on noncommutative geometry and conformal
geometry. In this paper, we reformulate the local index formula in conformal geometry in such
a way to take into account of the action of conformal diffeomorphisms. We also construct
and compute a whole new family of geometric conformal invariants associated with conformal
diffeomorphisms. This includes conformal invariants associated with equivariant characteristic
classes. The approach of this paper involves using various tools from noncommutative geometry,
such as twisted spectral triples and cyclic theory. An important step is to establish the conformal
invariance of the Connes-Chern character of the conformal Dirac spectral triple of Connes-
Moscovici. Ultimately, however, the main results of the paper are stated in a purely differential-
geometric fashion.
1. Introduction
This paper is part of a series of papers applying techniques of noncommutative geometry in the
settings of conformal geometry and noncommutative versions of conformal geometry (cf. [78, 79]
for other papers of this series). The present paper has two main results.
The first main result is the reformulation of the local index formula in conformal geometry in
such a way to take into account the action of conformal diffeomorphisms (Theorem 8.4). This is in
the line of research initiated by Alain Connes and Henri Moscovici (see [35, 38, 68]). In particular,
the existence of such an index formula was hinted to by Moscovici (see [68, Remark 3.8]).
The second main result is the construction and explicit computation of a whole new families
of geometric conformal invariants attached with conformal diffeomorphisms (Theorem 11.1). This
includes conformal invariants associated with equivariant characteristic classes (Theorem 11.4).
These conformal invariants are not of the same type of the conformal invariants considered by
Alexakis [1] in his proof of the conjecture of Deser-Schwimmer [41] on the characterization of
global conformal invariants. Our conformal invariants take into account the action of the group of
conformal diffeomorphisms, i.e., the conformal gauge group. This should of be of interest in the
context of string theory and conformal gravity. In addition, our conformal invariants also shed
new light on the conformal indices of Branson-Ørsted [16, 17] (see end of Section 11).
To put things into context, recall that, given an action of a group G on a manifold M , the
orbit space M{G has a natural manifold structure when the action is free and proper. In general,
however, M{G need not even be Hausdorff, and so it is difficult to use M{G to extract much
geometric or even topological information for general group actions. The solution proposed by
noncommutative geometry (in the sense of Connes [32]) is to trade the spaceM{G for the crossed-
product algebra C8pMq¸G. This algebra always makes sense independently how wild the action
might be; the non-Hausdorffness of the quotient only pertains through the noncommutativity of
C8pMq ¸G.
More generally, noncommutative geometry provides us with a general framework that allows
us to deal with a variety of geometric problems whose noncommutative natures prevent us from
using classical techniques. In this framework spaces are traded for algebras which formally play
the roles of the algebras of functions on (ghost) noncommutative spaces. From this point of
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tional University, and by grants 2013R1A1A2008802 and 2016R1D1A1B01015971 of National Research Foundation
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view, a noncommutative manifold is usually represented by a spectral triple pA,H, Dq, where A
is an algebra represented by bounded operators on the Hilbert space H and D is a selfadjoint
unbounded operator that commutes with A up to bounded operators. This operator accounts for
the geometric properties of the spectral triple. The paradigm of a spectral triple is provided by a
Dirac spectral triple associated with a Dirac operator on a spin manifold.
Much like with Dirac operators, the datum of a spectral triple pA,H, Dq gives rise to an index
problem E Ñ indD∇E in terms of the Fredholm indices of operators obtained by twisting the op-
erator D with connections on noncommutative vector bundles E (i.e., finitely generated projective
modules over A). These indices are K-theory invariants. The relevant noncommutative analogue
of de Rham theory is provided by the cyclic homology and cyclic cohomology of Connes [28, 29, 30]
(see also Tsygan [83]). In particular, Connes [30] established the following index formula,
(1.1) indD∇E “ xChpDq,ChpEqy @pE ,∇Eq,
where ChpEq is the Chern character in cyclic homology and ChpDq is a class in cyclic cohomology,
called the Connes-Chern character. Under further assumptions, the Connes-Chern character is
represented by the CM cocycle [34, 35]. The components of the CM cocycle are given by formulas
that are local in the sense they involve a version for spectral triples of the noncommutative residue
trace of Guillemin [53] and Wodzicki [84]. Together with (1.1) this provides us with the local
index formula in noncommutative geometry. In the case of a Dirac spectral triple this enables us
to recover the local index formula of Atiyah-Singer [5, 6] (see [35, 73]).
Given an arbitrary group of diffeomorphisms G of a manifold M , there is a technical difficulty
for constructing a spectral triple over the crossed-product algebra C8pMq ¸ G due to the lack
of geometric structures that are invariant under the full diffeomorphism group (at the notable
exception of the manifold structure itself). In particular, there need not exist a G-invariant
metric. As observed by Connes [31], up to a Connes-Thom isomorphism, the problem can be
solved by passing to the total space of the metric bundle P ÑM . Following up this idea Connes-
Moscovici [35] built a spectral triple over the algebra C8c pP q ¸ G. The computation of the CM
cocycle of that spectral triple involves Hopf cyclic cohomology and expresses the Connes-Chern
character in terms of Gelf’and-Fuchs cohomology classes (see [36, 37]).
As observed by Connes-Moscovici [38], when G is a group of conformal diffeomorphisms, we
actually can have a spectral triple over C8pMq ¸ G instead of C8c pP q ¸ G at the expense of
twisting the definition of a spectral triple. More precisely, a twisted spectral pA,H, Dqσ is like an
ordinary spectral triple at the exception that the boundedness of commutators rD, as, a P A, is
replaced by that of twisted commutators,
rD, asσ :“ Da´ σpaqD, a P A,
where σ is a given automorphism of the algebra A. A natural example is given by conformal
deformations of ordinary spectral triples,
pA,H, Dq ÝÑ pA,H, kDkqσ, σpaq “ k2ak´2,
where k ranges over positive invertible elements of A (see [38]). Another example due to Connes-
Moscovici [38] is the conformal Dirac spectral triple pC8pMq ¸ G,L2gpM, {Sq, {Dgqσg associated
with the Dirac operator {Dg on a compact spin Riemannian manifold pM, gq and a group G of
diffeomorphisms preserving a given conformal structure C (see also Section 7).
As for ordinary spectral triples, the datum of a twisted spectral triple pA,H, Dqσ gives rise to an
index problem by twisting the operator D with σ-connections (see [77]). The resulting Fredholm
indices are computed by a Connes-Chern character ChpDqσ defined as a class in the (ordinary)
cyclic cohomology of A (see [38, 77]). However, although Moscovici [68] produced an Ansatz for
a version of the CM cocycle for twisted spectral triples, this Ansatz has been verified only in a
special class of examples (see [68]). In particular, to date it is still not known if Moscovici’s Asantz
even holds for conformal deformations of ordinary spectral triples.
For our purpose it is important to define the Connes-Chern character in the cyclic cohomology
of continuous cochains, which is smaller than the cyclic cohomology of arbitrary cochains. We
show that for a natural class of twisted spectral triples pA,H, Dqσ over locally convex algebras,
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which we call smooth twisted spectral triples, the Connes-Chern character descends to a class
ChpDqσ P HP0pAq, where HP‚pAq is the periodic cyclic cohomology of continuous cochains
(Proposition 5.9). We also show the invariance of this class under conformal perturbations of
twisted spectral triples (Proposition 6.8).
The construction of the conformal Dirac spectral triple pC8pMq ¸ G,L2gpM, {Sq, {Dgqσg asso-
ciated with a conformal class C on a compact spin manifold M alluded to above a priori de-
pends on a choice of the metric g P C . As it turns out, up to equivalences of twisted spectral
triples, changing a metric within C only amounts to make a conformal deformation of twisted
spectral triples (see [68]). Combining this with the invariance under conformal deformations
of the Connes-Chern character mentioned above then shows that the Connes-Chern character
Chp {Dgqσg PHP0pC8pMq ¸Gq is an invariant of the conformal class C (Theorem 7.7).
The next step is the computation of the Connes-Chern character Chp {Dgqσg . As mentioned
above, we do not know if Moscovici’s Ansatz holds for the conformal Dirac spectral triple pC8pMq¸
G,L2gpM, {Sq, {Dgqσg . Therefore, we cannot make use of the CM cocycle given by that Ansatz. How-
ever, we can observe that the conformal invariance of Chp {Dgqσg allows us to use any metric in
the conformal class C . In particular, we may use a G-invariant metric. This is a convenient choice
of metric, since in that case the automorphism σg is the identity, and so the associated conformal
Dirac spectral triple becomes an ordinary spectral triple. The existence of such metrics is ensured
by Ferrand-Obata theorem, provided that the conformal structure C is non-flat, i.e., it is not
equivalent to the conformal structure of the round sphere.
Assuming the non-flatness of C we are reduced to the computation of the Connes-Chern char-
acter of an ordinary equivariant Dirac spectral triple pC8pMq ¸ G,L2gpM, {Sq, {Dgq, where G is a
group of isometries. In this case, the Connes-Chern character is computed in [78] by making use
of a CM cocycle representative and by computing this cocycle by means of heat kernel techniques.
This allows us to express the Connes-Chern character Chp {Dgqσg in terms of explicit polynomials
in curvatures and normal curvatures of the fixed-point manifolds of diffeomorphisms in G (see
Theorem 8.4 for for the precise statement). These formulas are reminiscent of the local equi-
variant index theorem for Dirac operators of Atiyah-Segal-Singer [4, 6]. This provides us with a
reformulation of the local index formula in conformal-diffeomorphism invariant geometry.
As mentioned above, pairing the Connes-Chern character Chp {Dgqσg with any (even) periodic
cyclic cycle over the algebra AG :“ C8pMq ¸ G produces an invariant of the conformal class
C . This potentially produces a large family of conformal invariants. To understand and compute
these invariants we need an explicit construction of (periodic) cyclic cycles over AG. There is a
large amount of work on the cyclic homology of crossed-product algebras, especially in the case
of group actions on manifolds or varieties (see, e.g., [10, 20, 21, 22, 18, 31, 32, 40, 44, 47, 69, 70,
74, 75]). In his seminal work on cyclic cohomology and foliations in the early 80s, Connes [31]
constructed an explicit cochain map and quasi-isomorphism from the equivariant cohomology into
the homogeneous component of the periodic cyclic cohomology of AG. However, since then it was
not until the recent notes [74, 75] that further explicit quasi-isomorphisms were exhibited.
We refer to Section 10 for a review of the results of [74, 75] in the case of group actions on
manifolds. This involves a large amount of homological algebra. Combining these results with the
explicit computation of the Connes-Chern character enables us to define and compute explicitly
a whole family of geometric conformal invariants (Theorem 11.1). These conformal invariants are
associated with conformal diffeomorphisms and mixed equivariant cycles. The mixed equivariant
homology was introduced in [75]. It mixes group homology and de Rham homology. It is also the
natural receptacle for the cap product of group homology with equivariant cohomology. As a result,
we obtain conformal invariants associated with equivariant characteristic classes (Theorem 11.4).
We also relate these conformal invariants to the conformal indices of Branson-Ørsted [16, 17] (see
end of Section 11).
The paper is organized as follows. In Section 2, we review the main definitions and examples
regarding twisted spectral triples and the construction of their index maps. In Section 3, we
review the main facts about cyclic cohomology, cyclic homology and the Chern character in cyclic
homology. In Section 4, we review the construction of the Connes-Chern character of a twisted
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spectral triple. In Section 5, we show that for smooth twisted spectral triples the Connes-Chern
character descends to the cyclic cohomology of continuous cochains. In Section 6, we establish
the invariance of the Connes-Chern character under conformal deformations. In Section 7, after
reviewing the construction of the conformal Dirac spectral triple, we prove that its Connes-Chern
Character is a conformal invariant. In Section 8, we compute this Connes-Chern character by
using the results of [78]. This provides us with a local index formula in conformal-diffeomorphism
invariant geometry. In Section 10, we review the results of [74, 75] on the construction of explicit
quasi-isomorphisms computing the cyclic homology of crossed-product algebras in the case of
group actions on manifolds. Finally, in Section 11 we combine the results of the previous sections
to construct and compute our conformal invariants.
Throughout this paper we focus exclusively on the even-dimensional case. The main results
of this paper have analogues in odd dimension. However, a complete treatment would require a
comprehensive account on the index theory for odd twisted spectral triples. This will be dealt
with in forthcoming papers. In addition, the conformal invariants that we construct in this paper
are associated with conformal diffeomorphisms of finite order (i.e., periodic diffeomorphisms). It is
also possible to define and compute conformal invariants associated with non-periodic conformal
diffeomorphisms. We also postpone this to a forthcoming paper. Finally, the non-flatness leaves
out the important case of the action of the projective Poincare´ group POpn, 1q on the round sphere
Sn. The main issue is the computation of the Connes-Chern character in this case. As pointed
out in [68] this requires a refinement of the analytical considerations of [78] in order to take into
account the contribution of the non-elliptic components of POpn, 1q.
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2. Index Theory for Twisted Spectral Triples.
In this section, we recall how the datum of a twisted spectral triple naturally gives rise to an
index problem ([38, 77]). The exposition closely follows that of [77] (see also [67] for the case of
ordinary spectral triples).
In the setting of noncommutative geometry, the role of manifolds is played by spectral triples.
Definition 2.1. A spectral triple pA,H, Dq is given by
(1) A Z2-graded Hilbert space H “ H` ‘H´.
(2) A unital ˚-algebra A represented by bounded operators on H preserving its Z2-grading.
(3) A selfadjoint unbounded operator D on H such that
(a) D maps dompDq XH˘ to H¯.
(b) The resolvent pD ` iq´1 is a compact operator.
(c) a dompDq Ă dompDq and rD, as is bounded for all a P A.
Remark 2.2. The condition (3)(a) implies that with respect to the splitting H “ H` ‘ H´ the
operator D takes the form,
D “
ˆ
0 D´
D` 0
˙
, D˘ : dompDq XH˘ Ñ H¯.
Example 2.3. The paradigm of a spectral triple is given by a Dirac spectral triple,
pC8pMq, L2gpM, {Sq, {Dgq,
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where pMn, gq is a compact spin Riemannian manifold of even dimension n and {Dg is its Dirac
operator acting on the spinor bundle {S “ {S` ‘ {S´.
The definition of a twisted spectral triple is similar to that of an ordinary spectral triple, except
for some “twist” given by the conditions (3) and (4)(b) below.
Definition 2.4 ([38]). A twisted spectral triple pA,H, Dqσ is given by
(1) A Z2-graded Hilbert space H “ H` ‘H´.
(2) A unital ˚-algebra A represented by even bounded operators on H.
(3) An automorphism σ : AÑ A such that σpaq˚ “ σ´1pa˚q for all a P A.
(4) An odd selfadjoint unbounded operator D on H such that
(a) The resolvent pD ` iq´1 is compact.
(b) apdomDq Ă domD and rD, asσ is bounded for all a P A, where the twisted commu-
tator rD, asσ is defined by
(2.1) rD, asσ :“ Da´ σpaqD @a P A.
The relevance of the notion of twisted spectral triples in the setting of conformal geometry
stems from the following observation. Let pC8pMq, L2gpM, {Sq, {Dgq be a Dirac spectral triple as in
Example 2.3, and consider a conformal change of metrics,
gˆ “ k´2g, k P C8pMq, k ą 0.
We then can form a Dirac spectral triple pC8pMq, L2gˆpM, {Sq, {Dgˆq associated with the new metric
gˆ. As it turns out (see [77]) this spectral triple is equivalent to the following spectral triple,´
C8pMq, L2gpM, {Sq,
?
k {Dg
?
k
¯
.
We note that the above spectral triple continues to make sense if we only assume k to be a positive
Lipschitz function on M .
More generally, let pA,H, Dq be an ordinary spectral triple and k a positive element of A.
If we replace D by its conformal deformation kDk then, when A is noncommutative, the triple
pA,H, kDkq needs not be an ordinary spectral triple. However, as the following result shows, it
always gives rise to a twisted spectral triple.
Proposition 2.5 ([38]). Let σ : AÑ A be the automorphism defined by
(2.2) σpaq :“ k2ak´2 @a P A.
Then pA,H, kDkqσ is a twisted spectral triple.
Remark 2.6. A more elaborate version of the above example, and the main focus of this paper,
is the conformal Dirac spectral triple of Connes-Moscovici [38]. This is a twisted spectral triple
taking into account of the action of the group of diffeomorphisms preserving a given conformal
structure. We refer to Section 7.1 for a review of this example.
Remark 2.7. We refer to [38, 51, 39, 57, 68, 79] for the constructions of various other examples of
twisted spectral triples.
In what folllows, we let pA,H, Dqσ be a twisted spectral triple. In addition, we let E be a
finitely generated projective right module over A, i.e., E is a direct summand of a free module
E0 » AN .
Definition 2.8 ([77]). A σ-translation of E is given by a pair pE , σE q, equipped with the following
data:
(i) Eσ is a finitely generated projective right module over A.
(ii) σE is a C-linear isormophism from E onto Eσ such that
(2.3) σEpξaq “ σE pξqσpaq for all ξ P E and a P A.
Remark 2.9. When σ “ id the condition (2.3) simply means that σE is a right-module isomorphism,
and so in this case we can take pE , idq as a σ-translation of E .
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Remark 2.10. Suppose that E “ eAN with e “ e2 PMNpAq, N ě 1. Note that the automorphism
σ lifts to a C-linear isomorphism σ : AN Ñ AN given by
σpξq “ pσpξjqq for all ξ “ pξjq P AN .
This induces a C-linear isomorphism σe : eA
N Ñ σpeqAN satisfying (2.3). Therefore, in this case
we may take pσpeqAN , σeq as a σ-translation of E “ eAN .
Throughout the rest of the section we let pEσ, σE q be a σ-translation of E . In addition, we
consider the space of twisted 1-forms,
Ω1D,σpAq “
 
ΣairD, bisσ : ai, bi P A
(
,
where rD, bsσ, b P A, is the twisted commutator (2.1). We note that Ω1D,σpAq is a subspace of
LpHq. The twisted differential dσ : AÑ Ω1D,σpAq is given by
(2.4) dσa :“ rD, asσ @a P A.
This is a σ-derivation, in the sense that
(2.5) dσpabq “ pdσaqb` σpaqdσb @a, b P A.
In particular, this implies that Ω1D,σpAq is a sub-pA,Aq-bimodule of LpHq.
Definition 2.11. A σ-connection on E is a C-linear map ∇E : E Ñ Eσ bA Ω1D,σpAq such that
(2.6) ∇Epξaq “ p∇Eξqa` σE pξq b dσa @ξ P E @a P A.
Example 2.12. Suppose that E “ eAN with e “ e2 P MN pAq. Then a natural σ-connection on E
is the Grassmannian σ-connection ∇E0 defined by
(2.7) ∇E0 ξ “ σpeqpdσξjq for all ξ “ pξjq in E .
Definition 2.13. A Hermitian metric on E is a map p¨, ¨q : E ˆ E Ñ A such that
(1) p¨, ¨q is A-sesquilinear, i.e., it is A-antilinear with respect to the first variable and A-linear
with respect to the second variable.
(2) p¨, ¨q is positive, i.e., pξ, ξq ě 0 for all ξ P E .
(3) p¨, ¨q is nondegenerate, i.e., ξ Ñ pξ, ¨q is an A-antilinear isomorphism from E onto its A-dual
HomApE ,Aq.
Example 2.14. The canonical Hermitian structure on the free module AN is given by
(2.8) pξ, ηq0 “ ξ˚1 η1 ` ¨ ¨ ¨ ` ξ˚q ηq for all ξ “ pξjq and η “ pηjq in AN .
It induces a Hermitian metric on any direct summand E “ eAN , e “ e2 PMNpAq, (see, e.g., [77]).
From now on we assume that E and its σ-translation Eσ carry Hermitian metrics. We denote
by HpEq the pre-Hilbert space consisting of E bA H equipped with the Hermitian inner product,
(2.9) xξ1 b ζ1, ξ2 b ζ2y :“ xζ1, pξ1, ξ2qζ2y , ξj P E , ζj P H,
where p¨, ¨q is the Hermitian metric of E . It can be shown that HpEq is actually a Hilbert space
and its topology is independent of the choice of the Hermitian inner product of E (see, e.g., [77]).
We also note there is a natural Z2-grading on HpEq given by
(2.10) HpEq “ H`pEq ‘H´pEq, H˘pEq :“ E bA H˘.
We denote by HpEσq the similar Z2-graded Hilbert space associated with Eσ and its Hermitian
metric.
Let ∇E be a σ-connection on E . Regarding Ω1D,σpAq as a subalgebra of LpHq we have a natural
left-action c : Ω1D,σpAq bA HÑ H given by
cpω b ζq “ ωpζq for all ω P Ω1D,σpAq and ζ P H.
We then denote by c
`
∇E
˘
the composition p1Eσ b cq ˝ p∇E b 1Hq : E bH Ñ Eσ bH. Thus, for
ξ P E and ζ P H, and upon writing ∇Eξ “ ř ξα b ωα with ξα P Eσ and ωα P Ω1D,σpAq, we have
(2.11) c
`
∇E
˘ pξ b ζq “ÿ ξα b ωαpζq.
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In what follows we regard the domain of D as a left A-module, which is possible since the action
of A on H preserves the domain domD.
Definition 2.15. The operator D∇E : E bA dompDq Ñ HpEσq is defined by
(2.12) D∇E pξ b ζq :“ σEpξq bDζ ` cp∇Eqpξ b ζq for all ξ P E and ζ P domD.
Remark 2.16. Although the operators σE , D and ∇E are not module maps, the operator is well
defined as a linear map with domain E bA dompDq (see [77]).
Remark 2.17. With respect to the Z2-gradings (2.10) for HpEq and HpEσq the operator D∇E takes
the form,
(2.13) D∇E “
ˆ
0 D´
∇E
D`
∇E
0
˙
, D˘
∇E
: E bA domD˘ ÝÑ H¯pEσq.
That is, D∇E is an odd operator.
Example 2.18 (See [77]). Suppose that E “ eAN with e “ e2 P MN pAq and let ∇E0 be the
Grassmanian σ-connection of E . Then up to the canonical unitary identifications HpEq » eHN
and HpEσq » σpeqHN the operators D∇E
0
agrees with
σpeqpD b 1Nq : epdomDqN ÝÑ σpeqHN .
Example 2.19. In the case of a Dirac spectral triple pC8pMq, L2gpM, {Sq, {Dgq, we may take E to be
the module C8pM,Eq of smooth sections of a vector bundle E over M . Any Hermitian metric
and connection on E give rise to a Hermitian metric and a connection ∇E on E . Furthermore, if
we set H “ L2gpM,Eq, then, under the natural identification HpEq » L2pM, {S b Eq, the operator
p {Dgq∇E agrees with the usual twisted Dirac operator {D∇E as defined, e.g., in [11].
Proposition 2.20 ([77]). The operator D∇E is closed and Fredholm.
Note that the above result implies that the operators D˘
∇E
in (2.13) are Fredholm. This leads
us to the following definition.
Definition 2.21. The index of the operator D∇E is
indD∇E “
1
2
`
indD`
∇E
´ indD´
∇E
˘
,
where indD˘
∇E
is the usual Fredholm index of D˘
∇E
(i.e., indD˘
∇E
“ dimkerD˘
∇E
´dim cokerD˘
∇E
).
Remark 2.22. In general the indices ˘ indD˘
∇E
do not agree, so that it is natural take their mean
to define the index of D∇E . However, as shown in [77], the index indD∇E is an integer when
the automorphism σ is ribbon, in the sense there is another automorphism τ : A Ñ A such that
σ “ τ ˝τ and τpaq˚ “ τ´1pa˚q for all a P A. The ribbon condition is satisfied in all main examples
of twisted spectral triples (see [77]). When this condition holds, it is shown in [79] that we always
can endow E with a “σ-Hermitian structure” (see [79] for the precise definition). In that case, for
any connection ∇E compatible with the σ-Hermitian structure,
indD∇E “ dimkerD`∇E ´ dimkerD´∇E P Z.
The above formula is the generalization of the usual formula for the index of a Dirac operator
twisted by a Hermitian connection on a Hermitian vector bundle.
As it turns out the index indD∇E only depends on the K-theory class of E (see [77]). More
precisely, we have the following result.
Proposition 2.23 ([38, 77]). There is a unique additive map indD,σ : K0pAq Ñ 12Z such that,
for any finitely generated projective module E over A and any σ-connection ∇E on E, we have
indD,σrEs “ indD∇E .
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3. Cyclic Homology and Cyclic Cohomology
Cyclic homology and cyclic cohomology were introduced by Connes [28, 29, 30] as the relevant
noncommutative analogue of de Rham theory (see also Tsygan [83]). In this section, we review
the main background on cyclic homology and cyclic cohomology that is needed for this paper. We
refer to the monographs [30, 32, 64] for more comprehensive accounts on these topics.
3.1. Preamble: Mixed complexes, cyclic modules, and S-maps. In what follows we let
k be an arbitrary unital ring. According to Burghelea [24] and Kassel [60] a mixed complex of
k-modules is given by a datum pC‚, b, Bq, where Cm, m ě 0, are (left) k-modules and b : C‚ Ñ
C‚´1 and B : C‚ Ñ C‚`1 are k-module maps such that b2 “ B2 “ bB ` Bb “ 0. The cyclic
complex of a mixed complex C “ pC‚, b, Bq is the chain complex C6 “ pC6‚, b ` SBq, where
C6m “ Cm ‘ Cm´2 ‘ ¨ ¨ ¨ , m ě 0, and S : C6‚ Ñ C6‚´2 is the canonical projection obtained by
factorizing out Cm. The homology of this chain complex is called the cyclic homology of the
mixed complex C and is denoted by HC‚pCq.
The operator S : C6‚ Ñ C6‚´2 is called the periodicity operator. The periodic cyclic complex is
the Z2-graded chain complex C
7 “ pC7‚, b ` Bq, where C7i “
ś
qě0 C2q`i, i “ 0, 1. Equivalently,
we have C7‚ “ limÐÝS C2q`‚, where limÐÝS is the projective limit of the projective system defined by
the operators S : C2q`‚ Ñ C2q`‚´2, q ě 1. The homology of the chain complex C7 is called the
periodic cyclic homology of the mixed complex C. It is denoted by HP‚pCq.
Following Connes [29], a cyclic k-module is given by a datum pC‚, d, s, tq, where Cm, m ě 0,
are k-modules and the k-module maps d : C‚ Ñ C‚´1, s : C‚ Ñ C‚`1 and t : C‚ Ñ C‚ define
a simplicial module structure with faces dj “ tjdt´pj`1q and degeneracies sj “ tj`1dt´pj`1q. In
addition, the operator t is required to be cyclic, in the sense that tm`1 “ 1 on Cm. Any cyclic
k-module C “ pC‚, d, s, tq gives rise to a mixed complex C “ pC‚, b, Bq, where b “
řm
j“0p´1qjdj
and B “ p1´ τqsN on Cm with τ “ p´1qmt and N “ 1` τ ` ¨ ¨ ¨ ` τm. We then define the cyclic
and periodic cyclic homologies of C as the the cyclic and periodic cyclic homologies of that mixed
complex.
Given mixed complexes C “ pC‚, b, Bq and sC “ pC‚, b, Bq, an S-map in the sense of Kassel [60]
is a chain map f : C6‚ Ñ sC6‚ which is compatible with the S-operator. Any such map uniquely
decomposes as f “ ř f pjqSj , where f pjq : C‚ Ñ sC‚`2j is a k-module map of degree 2j such that
rb, f p0qs “ 0 and rB, f pjqs ` rb, f pj`1qs “ 0 for j ě 0. In particular, it uniquely extends to a chain
map f 7 : C7‚ Ñ sC7‚ between the periodic cyclic complexes of C and sC.
3.2. Cyclic homology of algebras. From now on we letA be a unital algebra overC. Connes [29]
associated with any such algebra a cyclic space (i.e., a cyclic C-module). This is CpAq “
pC‚pAq, d, s, tq, where CmpAq “ Abpm`1q, m ě 0, and the structural operators d : C‚pAq Ñ
C‚´1pAq, s : C‚pAq Ñ C‚`1pAq, and t : C‚pAq Ñ C‚pAq are given by
dpa0 b ¨ ¨ ¨ b amq “ pama0q b a1 ¨ ¨ ¨ b am´1,(3.1)
spa0 b ¨ ¨ ¨ b amq “ 1b a0 ¨ ¨ ¨ b am,(3.2)
tpa0 b ¨ ¨ ¨ b amq “ am b a0 ¨ ¨ ¨ b am´1, aj P A.(3.3)
We get a mixed complex pC‚pAq, b, Bq, where the differential b : C‚pAq Ñ C‚´1 is the Hochschild
boundary,
bpa0 b ¨ ¨ ¨ b amq “
m´1ÿ
j“0
p´1qja0 b ¨ ¨ ¨ b ajaj`1 b ¨ ¨ ¨ b am
` p´1qmama0 b ¨ ¨ ¨ b am´1, aj P A.
This gives rise to the cyclic complex C6pAq “ pC6‚pAq, b ` SBq and the periodic cyclic complex
C7pAq “ pC7‚pAq, b`Bq. Their respective homologies are called the cyclic homology and periodic
cyclic homology of the algebra A. They are denoted by HC‚pAq and HP‚pAq, respectively.
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The mixed complex pC‚pAq, b, Bq is normalized as follows. The degeneracies of the cyclic
space CpAq are sj “ tj`1st´pj`1q, j “ 0, . . . ,m. The space of degenerate m-chains is DmpAq “
s0pCm´1pAqq‘¨ ¨ ¨‘sm´1pCm´1pAqq. Here sjpa0b¨ ¨ ¨bam´1q “ a0b¨ ¨ ¨bajb1baj`1b¨ ¨ ¨bam´1,
al P A. Therefore, we see that DmpAq is spanned by elementary tensor products a0 b ¨ ¨ ¨ b am
where aj “ 1 for some j P t1, . . . ,mu. The differentials b and B preserve D‚pAq, and so the
mixed complex pC‚pAq, b, Bq descends to a normalized mixed complex CpAq “ pC‚pAq, b, Bq, with
C‚pAq “ C‚pAq{D‚pAq. We let C6pAq “ pC6‚pAq, b ` SBq and C
7pAq “ pC7‚pAq, b ` Bq be the
corresponding cyclic and periodic cyclic complexes. The canonical projection pi : C‚pAq Ñ C‚pAq
is a map of mixed complexes. At the level of Hochschild homology we obtain a quasi-isomorphism.
General homological algebra arguments then imply that we also obtain quasi-isomorphisms at the
level of cyclic homology and periodic cyclic homology. This enables us to describe HC‚pAq and
HP‚pAq in terms of normalized cycles.
WhenA is a locally convex algebra, the space of chains CmpAq is often completed intoCmpAq :“
Abˆpm`1q, where bˆ is the projective topological tensor product [52, 82]. In particular, given any
locally convex space X , a linear map Φ : CmpAq Ñ X is continuous iff the pm ` 1q-linear map
Am`1 Q pa0, . . . , amq Ñ Φpa0 b ¨ ¨ ¨ b amq is jointly continuous. The structural operators pd, s, tq
in (3.1)–(3.3) uniquely extend to continuous operators on C‚pAq, so that we obtain a cyclic
space CpAq :“ pC‚pAq, d, s, tq. In the same way as above, this cyclic space gives rise to cyclic
and periodic cyclic complexes C6pAq :“ pC6‚pAq, b ` SBq and C7pAq :“ pC7‚pAq, b ` Bq. Their
respective homologies are denoted by HC‚pAq and HP‚pAq.
Example 3.1. Let A “ C8pMq, where M is a closed manifold. We endow A with its stan-
dard Fre´chet algebra topology. In addition, we let ΩpMq “ pΩ‚pMq, dq be the de Rham com-
plex of (smooth) differential forms on M . We shall regard ΩpMq as a mixed complex ΩpMq “
pΩ‚pMq, 0, dq. The Hochschild-Kostant-Rosenberg map α : Ω‚pMq Ñ C‚pAq is given by
(3.4) αpf0 b ¨ ¨ ¨ b fmq “ 1
m!
f0df1 ^ ¨ ¨ ¨ ^ dfm, f j P A.
This is a map of mixed complexes. Moreover, Connes [30] proved that this is a quasi-isomorphism,
and so we can describeHC‚pAq andHP‚pAq in terms of de Rham cohomologyH‚pM,Cq. Namely,
HCmpAq »
`
ΩmpMq{dpΩm´1pMqq˘‘Hm´2pM,Cq ‘ ¨ ¨ ¨ , m ě 0,
HP‚pAq »
à
qě0
Hev{oddpM,Cq, where Hev{oddpM,Cq :“ à
m even/odd
HmpM,Cq.
3.3. Cyclic cohomology of algebras. Cyclic cohomology is the dual version of cyclic homology.
There is a natural duality between CmpAq “ Abpm`1q and the space CmpAq that consists of
pm ` 1q-linear maps ϕ : Am`1 Ñ C. We then get a “cyclic co-space” pC‚pAq, d, s, tq, where the
operators d : C‚pAq Ñ C‚`1pAq, s : C‚pAq Ñ C‚´1pAq, and t : C‚pAq Ñ C‚pAq are given by
pdϕqpa0, . . . , am`1q “ ϕ `pam`1a0q, a1, . . . , am˘ ,(3.5)
psϕqpa0, . . . , am´1q “ ϕp1, a0, . . . , am´1q,(3.6)
ptϕqpa0, . . . , amq “ ϕpam, a0, . . . , am´1q, ϕ P CmpAq, aj P A.(3.7)
We obtain the Hochschild cochain complex pC‚pAq, bq, where b : C‚pAq Ñ C‚`1pAq is given by
bϕpa0, . . . , am`1q “
mÿ
j“0
p´1qjϕpa0, . . . , ajaj`1, . . . , am`1q
` p´1qm`1ϕpam`1a0, . . . , amq, aj P A.
The dual B-operator B : C‚pAq Ñ C‚´1pAq is B “ Nsp1 ´ T q, where T “ p´1qmt and
N “ 1` T ` ¨ ¨ ¨ ` Tm on CmpAq. We then have a duality between the cyclic complex C6pAq and
the cochain complex C6pAq :“ pC‚6 pAq, b ` SBq, where Cm6 pAq “ CmpAq ‘ Cm´2pAq ‘ ¨ ¨ ¨ and
S : Cm6 pAq Ñ Cm`26 pAq is the inclusion of Cm6 pAq into Cm`26 pAq. We also have a natural duality
between the periodic cyclic complex C7pAq and the periodic cyclic cochain complex C7pAq “
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pC‚7 pAq, b`Bq, where Ci7pAq “
À
qě0 C
2q`ipAq, i “ 0, 1. The cohomology of C7pAq is the periodic
cyclic cohomology of A and is denoted by HP‚pAq.
The cyclic cohomology of A can be defined in terms of the cochain complex C6pAq. For our
purpose it is more convenient to use the original definition of Connes [30] in terms of cyclic cochains.
A cochain ϕ P CmpAq is called cyclic when tϕ “ p´1qmϕ. We denote by Cmλ pAq the space of cyclic
m-cochains. As the operator b preserves CλpAq, we obtain a subcomplex CλpAq :“ pC‚λpAq, bq
of the Hochschild cochain complex of A. The cyclic cohomology is defined as the cohomology of
CλpAq and is denoted by HλpAq.
As the operator B is annihilated by cyclic cochains, the natural inclusion of C‚λpAq Ă C‚6 pAq is
a cochain map. This is actually a quasi-isomorphism (this is even a chain homotopy equivalence;
see [61]). Under this quasi-isomorphism the operator S is chain homotopic to Connes’ periodicity
operator Sλ : C
‚
λpAq Ñ C‚`2λ pAq, which is defined as follows. On CmpAq, m ě 0, it is given by
Sλ “ pm` 2q´1pm` 1q´1
řm`1
j“1 p´1qjSj , where
Sjϕpa0, . . . , am`2q “
ÿ
0ďlďj´2
p´1qlϕpa0, . . . , alal`1, . . . , ajaj`1, . . . , am`2q
` p´1qj`1ϕpa0, . . . , aj´1ajaj`1, . . . , am`2q.(3.8)
If m “ 2q ` i with q ě 0 and i P t0, 1u, then the inclusion of Cmλ pAq into Cm6 pAq gives an
inclusion into Ci7pAq. This gives a cochain map from C‚λpAq into C‚7 pAq which is compatible with
the periodicity operator Sλ in the sense that, for any cocycle ϕ P Cmλ pAq, the cocycles ϕ and Sλϕ
define the same class in HP‚pAq.
A cochain ϕ P CmpAq is called normalized when ϕpa0, . . . , amq “ 0 whenever aj “ 1 for some
j ě 1. We denote by CmpAq the space of normalizedm-cochains. The duality between CmpAq and
CmpAq descends to a duality between normalized chains and normalized cochains. The operators b
and B preserve the space of normalized cochains. Therefore, we get normalized cochain complexes
CλpAq :“ pC‚λpAq, bq and C7pAq :“ pC
‚
7 pAq, b ` Bq, where C
m
λ pAq “ Cmλ pAq X C
mpAq and
C
i
7pAq “
À
qě0 C
2q`ipAq. Furthermore, the inclusion of C‚pAq into C‚pAq gives rise to a quasi-
isomorphism of cochain complexes from C
‚
λpAq (resp., C
‚
7 pAq) into C‚λpAq (resp., C‚7 pAq). This
enables us to represent classes in H‚λpAq and HP‚pAq by normalized cochains.
When A is a locally convex algebra we denote by CmpAq the space of (jointly) continuous
m-cochains ϕ : Am`1 Ñ C. The duality between CmpAq and CmpAq induces a duality be-
tween CmpAq and CmpAq. The structural operators pd, s, tq in (3.5)–(3.7) preserve the space
of continuous cochains C‚pAq. Therefore, we obtain subcomplexes CλpAq :“ pC‚λpAq, bq and
C7pAq :“ pC‚7 pAq, b ` Bq, where Cmλ pAq “ Cmλ pAq XCmpAq and Ci7pAq “
À
qě0C
2q`ipAq. The
cohomologies of these cochain complexes are denoted byH‚λpAq andHP‚pAq, respectively. We also
obtain a cochain complex C6pAq :“ pC‚6 pAq, b ` SBq, where Cm6 pAq “ CmpAq ‘Cm´2pAq ‘ ¨ ¨ ¨ .
The inclusion of C‚λpAq into C‚6 pAq is a quasi-isomorphism of cochain complexes.
Example 3.2. As in Example 3.1, let A “ C8pMq, where M is a closed manifold. In addition,
let pΩ‚pMq, dq be the de Rham complex of currents on M , so that ΩmpMq is the topological dual
of ΩmpMq. By duality the HKR map (3.4) gives rise to a cochain map α : pΩ‚, 0q Ñ pC‚pAq, bq
given by
αpCqpf0, . . . , fmq “ 1
m!
@
C, f0df1 ^ ¨ ¨ ¨ ^ dmD , C P ΩmpMq, f j P A.
This maps intertwines the de Rham boundary d and the operator B, and so it gives rise to
cochain maps α : Ω6‚pMq Ñ C‚6 pAq and α : Ω‚ev{oddpMq Ñ C‚7 pAq, where Ω6mpMq “ ΩmpMq ‘
Ωm´2pMq ‘ ¨ ¨ ¨ and Ω‚ev{oddpMq “
À
m even/oddΩ
mpMq. As shown by Connes [30] these cochain
maps are quasi-isomorphisms, and so this allows us to express the cyclic and periodic cyclic
homologies of A “ C8pMq in terms of the de Rham homology H‚pM,Cq. More precisely, we
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obtain isomorphisms,
Hmλ pAq » HmpM,Cq ‘Hm´2pM,Cq ‘ ¨ ¨ ¨ , m ě 0,
HP‚pAq » Hev{oddpM,Cq, where Hev{oddpM,Cq :“
à
m even/odd
HmpM,Cq.
3.4. The Chern character in cyclic homology. Given N P N, let MNpAq “ A bMNpCq be
the algebra of N ˆN -matrices with coefficients in A. The standard trace tr :MN pAq Ñ A gives
rise to a linear map tr : C‚pMN pAqq Ñ C‚pAq defined by
tr
“pa0 b µ0q b ¨ ¨ ¨ b pam b µmq‰ “ tr “µ0 ¨ ¨ ¨µm‰ a0 b ¨ ¨ ¨ b am, aj P A, µj PMN pCq.
This map is compatible with the structural operators pd, s, tq in (3.1)–(3.3), and so it gives rise to
a map of cyclic spaces tr : C‚pMNpAqq Ñ C‚pAq.
The Chern character in cyclic homology [30, 48] is defined as follows. Let E be a finitely
generated projective module over A, so that E » eAN for some idempotent e P MN pAq. The
Chern character of e is the (normalized) even chain Chpeq “ pCh2qpeqqqě0 P C
7
0pAq defined by
Ch0peq “ trres, Ch2qpeq “ p´1qq p2qq!
q!
tr
»–ˆe´ 1
2
˙
b
2q timeshkkkkkikkkkkj
eb ¨ ¨ ¨ b e
fifl , q ě 1.
This chain is a cycle in the normalized periodic complex C
7pAq, and so this defines a class in
HP0pAq. This class only depends on the K-theory class of e. Therefore, we get an additive map
Ch : K0pAq Ñ HP0pAq, which is called the Chern character in cyclic homology.
Composing the above Chern character with the duality pairing between HP0pAq and HP0pAq
provides us with a bilinear pairing x¨, ¨y : HP0pAq ˆ K0pAq Ñ C. Given any cyclic 2q-cocycle ϕ
and any idempotent e PMN pAq, it can be shown (see, e.g., [77, Remark 6.4]) that
(3.9) xrϕs, rChpeqsy “ p´1qq p2qq!
q!
A
ϕ, tr
”
ebp2q`1q
ıE
.
Therefore, we recover the original pairing of Connes [30, 32].
When A is a locally convex algebra, by using the inclusion of chain complexes of C7‚pAq into
C
7
‚pAq we obtain a Chern character Ch : K0pAq Ñ HP0pAq. We then obtain a bilinear pairing
x¨, ¨y : HP0pAqˆK0pAq Ñ C. If we let A “ C8pMq, whereM is a closed manifold, then, under the
CHKR isomorphism HP0pAq » HevpM,Cq and the Serre-Swan isomorphism K0pAq » K0pMq,
we recover the usual Chern character Ch : K0pMq Ñ HevpM,Cq.
4. The Connes-Chern Character of a Twisted Spectral Triple
In this section, we shall recall the construction the Connes-Chern character of a twisted spectral
triple and how this enables us to compute the associated index map [38, 77]. This extends to
twisted spectral triples the construction of the Connes-Chern character of an ordinary spectral
triple by Connes [30]. The exposition follows closely that of [77].
Let pA,H, Dqσ be a twisted spectral triple. We assume that pA,H, Dqσ is p-summable for some
p ě 1, that is,
(4.1) Tr |D|´p ă 8.
In what follows, letting L1pHq be the ideal of trace-class operators on H, we denote by Str its
supertrace, i.e., StrrT s “ TrrγT s, where γ :“ idH` ´ idH´ is the Z2-grading of H.
Definition 4.1. Assume D is invertible and let q be an integer ě 12 pp ´ 1q. Then τD,σ2q is the
2q-cochain on A defined by
(4.2) τD,σ2q pa0, . . . , a2qq “ cq Str
`
D´1rD, a0sσ ¨ ¨ ¨D´1rD, a2qsσ
˘ @aj P A,
where we have set cq “ 12 p´1qq q!p2qq! .
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Remark 4.2. The right-hand side of (4.2) is well defined since the p-summability condition (4.1)
and the fact that q ě 12 pp´ 1q imply that
D´1rD, a0sσ ¨ ¨ ¨D´1rD, aqsσ P L1pHq @aj P A.
Proposition 4.3 ([38, 77]). Assume D is invertible and let q be an integer ě 12 pp´ 1q. Then
(1) The cochain τD,σ2q is a normalized cyclic cocycle whose class in HP
0pAq is independent of
the value of q.
(2) For any finitely generated projective module E over A and σ-connection ∇E on E,
(4.3) indD∇E “
A
τ
D,σ
2q ,ChpEq
E
,
where ChpEq is the Chern character of E in cyclic homology.
When D is not invertible, we can reduce to the invertible case by passing to the unital invertible
double of pA,H, Dqσ as follows.
Consider the Hilbert space H˜ “ H‘H, which we equip with the Z2-grading given by
γ˜ “
ˆ
γ 0
0 ´γ
˙
,
where γ is the grading operator of H. On H˜ consider the selfadjoint operator,
D˜ “
ˆ
D 1
1 ´D
˙
, dompD˜q :“ dompDq ‘ dompDq.
Noting that
D˜2 “
ˆ
D2 ` 1 0
0 D2 ` 1
˙
,
we see that D˜ is invertible and |D˜|´p is a trace-class operator. Let A˜ “ A‘C be the unitalization
of A whose product and involution are given by
pa, λqpb, µq “ pab` λb ` µa, λµq, pa, λq˚ “ pa˚, λq, a, b P A, λ, µ P C.
The unit of A˜ is 1
A˜
“ p0, 1q. Thus, identifying any element a P A with pa, 0q, any element
a˜ “ pa, λq P A˜ can be uniquely written as pa, λq “ a ` λ1
A˜
. We represent A˜ in H using the
representation pi : A˜Ñ LpHq given by
pip1
A˜
q “ 1, pipaq “
ˆ
a 0
0 0
˙
@a P A.
In addition, we extend the automorphism σ into the automorphism σ˜ : A˜Ñ A˜ given by
σ˜pa` λ1
A˜
q “ σpaq ` λ1
A˜
@pa, λq P Aˆ C.
It can be verified that any twisted commutator rD˜, pipa˜qsσ˜, a˜ P A˜, is bounded. We then deduce
that pA˜, H˜, D˜qσ˜ is a p-summable twisted spectral triple. Moreover, as D˜ is invertible we may
define the normalized cyclic cocycles τ D˜,σ˜2q , q ě 12 pp´ 1q.
Definition 4.4. Let q ě 12 pp´ 1q. Then τD,σ2q is the 2q-cochain on A defined by
τ
D˜,σ
2q pa0, . . . , a2qq “ τ D˜,σ2q pa0, . . . , a2qq
“ cq Str
`
D˜´1rD˜, pipa0qsσ ¨ ¨ ¨ D˜´1rD˜, pipa2qqsσ
˘ @aj P A.
Remark 4.5. The cochain τ D˜2q is the restriction to A
2q`1 of the cochain τ D˜,σ˜2q . Note that, as the
restriction to A of the representation pi is not unital, unlike in the invertible case, we don’t have
a normalized cochain.
Proposition 4.6 ([77]). Let q be an integer ě 12 pp´ 1q.
(1) The cochain τD,σ2q is a cyclic cocycle whose class in HP
0pAq is independent of q.
(2) If D is invertible, then the cocycles τD,σ2q and τ
D,σ
2q are cohomologous in HP
0pAq.
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(3) For any finitely generated projective module E over A and σ-connection ∇E on E,
(4.4) indD∇E “
A
τ
D,σ
2q ,ChpEq
E
.
All this leads us to the following definition.
Definition 4.7. The Connes-Chern character of pA,H, Dqσ , denoted by ChpDqσ, is defined as
follows:
‚ If D is invertible, then ChpDqσ is the common class in HP0pAq of the cyclic cocycles τD,σ2q
and τD,σ2q , with q ě 12 pp´ 1q.
‚ If D is not invertible, then ChpDqσ is the common class in HP0pAq of the cyclic cocycles
τ
D,σ
2q , q ě 12 pp´ 1q.
Remark 4.8. When σ “ id the Connes-Chern character is simply denoted ChpDq; this is the usual
Connes-Chern Character of an ordinary spectral triple constructed by Connes [30].
With this definition in hand, the index formulas (4.3) and (4.4) can be merged onto the following
result.
Proposition 4.9 ([38, 77]). For any Hermitian finitely generated projective module E over A and
any σ-connection ∇E on E,
(4.5) indD∇E “ xChpDqσ ,ChpEqy ,
where ChpEq is the Chern character of E in cyclic homology.
Example 4.10 ([30, 12, 73]). Let pMn, gq be a compact Riemannian manifold. The Connes-Chern
character Chp {Dgq of the Dirac spectral triple pC8pMq, L2pM, {Sq, {Dgq is cohomologous to the even
periodic cocycle ϕ “ pϕ2qqqě0 given by
(4.6) ϕ2qpf0, . . . , f2qq “ p2ipiq
´n
2
p2qq!
ż
M
AˆpRM q ^ f0df1 ^ . . .^ df2q, f j P C8pMq.
This allows us to recover the index theorem of Atiyah-Singer [5, 6] for Dirac operators.
Remark 4.11. The definitions of the cocycles τD,σ2q and τ
D,σ
2q involve the usual (super)trace on
trace-class operators, but this is not a local functional since it does not vanish on finite rank
operators. As a result this cocycle is difficult to compute in practice (see, e.g., [12]). Therefore,
it stands for reason to seek for a representatative of the Connes-Chern character which is easier
to compute. For ordinary spectral triples, and under further assumptions, such a representative
is provided by the CM cocycle of Connes-Moscovici [35]. This cocycle is an even periodic cycle
whose components are given by formulas which are local in the sense of noncommuative geometry.
More precisely, they involve a version for spectral triples of the noncommutative residue trace of
Guillemin [53] and Wodzicki [84]. This provides us with the local index formula in noncommutative
geometry. In Example 4.10 the cocycle ϕ “ pϕ2qq given by (4.6) is precisely the CM cocycle of
the Dirac spectral triple pC8pMq, L2pM, {Sq, {Dgq (see [35, Remark II.1] and [73]).
Remark 4.12. In the case of twisted spectral triples, Moscovici [68] attempted to extend the local
index formula to the setting of twisted spectral triples. He devised an ansatz for such a local
index formula and verified it in the special case of a ordinary spectral triples twisted by scaling
automorphisms (see [68] for the precise definition). Whether Moscovici’s ansatz holds for a larger
class of twisted spectral triples still remains an open question to date. For instance, it is not
known if Moscovici ansatz holds for conformal deformations of ordinary spectral triples satisfying
the local index formula in noncommutative geometry.
5. Twisted Spectral Triples over Locally Convex Algebras
In this section, we shall explain how to refine the construction of the Connes-Chern character
for twisted spectral triples over locally convex algebras.
In what follows by locally convex ˚-algebra we shall mean a ˚-algebra A equipped with a locally
convex space topology with respect to which its product is a jointly continuous bilinear map from
A2 Ñ A and its involution is a continuous anti-linear map.
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Definition 5.1. A twisted spectral triple pA,H, Dqσ over a locally convex ˚-algebra A is called
smooth when the following conditions hold:
(1) The representation of A in LpHq is continuous.
(2) The map aÑ rD, asσ is continuous from A to LpHq.
(3) The automorphism σ : AÑ A is a homeomorphism.
Example 5.2. Let pMn, gq be a closed spin Riemannian manifold of even dimension. Then the
associated Dirac spectral triple pC8pMq, L2gpM, {Sq, {Dgq is smooth.
Example 5.3. Any conformal deformation of a smooth ordinary spectral triple yields a smooth
twisted spectral triple.
Remark 5.4. As we shall see in Section 7 the conformal Dirac spectral triple of [38] is smooth.
Throughout the rest of this section we let pA,H, Dqσ be a smooth twisted spectral triple which
is p-summable for some p ě 1. We shall now show that the Connes-Chern character of pA,H, Dqσ,
which is originally defined as a class in HP0pAq, actually descends to a class in HP0pAq.
Lemma 5.5. Let q be any integer ě 12 pp´ 1q.
(1) If D is invertible, then the cyclic cocycle τD,σ2q is continuous and its class in HP
0pAq is
independent of q.
(2) The cyclic cocycle τD,σ2q is continuous and its class in HP
0pAq is independent of q.
Proof. Assume that D is invertible and let q be an integer ě 12 pp ´ 1q. By assumption the map
aÑ rD, asσ is continuous from A to LpHq. Combining this with Ho¨lder’s inequality for Schatten
ideals we deduce that the map pa0, . . . , a2qq Ñ γD´1rD, a0s ¨ ¨ ¨D´1rD, a2qs is continuous from
A2q`1 to L1pHq. As τD,σ2q is (up to a multiple constant) the composition of this map with the
operator trace, we deduce that τD,σ2q is a continuous cochain.
Moreover, by Lemma 7.4 and Lemma 7.5 of [77] we have
(5.1) τD,σ2q`2 ´ τD,σ2q “ pb`Bqpϕ2q`1 ´ ψ2q`1q,
where, up to normalization constants, the cochains ϕ2q`1 and ψ2q`1 are given by
ϕ2q`1pa0, . . . , a2q`1q “ Strpa0D´1rD, a1sσ ¨ ¨ ¨D´1rD, a2q`1sσq,
ψ2q`1pa0, . . . , a2q`1q “ Strpσpa0qrD, a1sσD´1 ¨ ¨ ¨ rD, a2q`1sσD´1q, aj P A.
Note that ϕ2q`1 and ψ2q`1 are normalized cochains. Moreover, in the same way as with the
cocycle τD,σ2q we can show that these cochains are continuous. Therefore (5.1) shows that the
images in C2q`26 pAq of τD,σ2q`2 and τD,σ2q are cohomologous, and, hence, they define the same class in
HP0pAq. It then follows that the class of τD,σ2q in HP0pAq is independent of q. This also implies
that
(5.2) Sλτ
D,σ
2q “ τD,σ2q`2 in H2q`2λ pAq.
When D is not invertible, we observe that the unitalization A˜ “ A ‘ C is a locally convex ˚-
algebra with respect to the direct sum topology. It then can be checked that the invertible double
pA˜, H˜, D˜qσ˜ considered in Section 4 is a smooth twisted spectral triple. Therefore, the first part of
the proof shows that the cocycle τ D˜,σ2q is continuous. As the inclusion of A into A˜ is continuous
and τD,σ2q is the restriction to A of τ
D˜,σ
2q , we then see that τ
D,σ
2q is a continuous cocycle on A.
Moreover, using (3.8) it can be checked that Sλτ
D,σ
2q is the restriction to A of Sλτ
D˜,σ
2q . Therefore
using (5.2) we deduce that the cocycles Sλτ
D,σ
2q and τ
D,σ
2q`2 are cohomologous in H
2q`2
λ pAq. It then
follows that τD,σ2q and τ
D,σ
2q`2 define the same class in HP
0pAq, and so the class of τD,σ2q in HP0pAq
is independent of q. The proof is complete. 
In addition, we will also need the following version for smooth twisted spectral triples of [77,
Propositon C.1] on the homotopy invariance of the Connes-Chern character of a twisted spectral
triple.
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Lemma 5.6. Assume D is invertible and consider an operator homotopy of the form,
Dt “ D ` Vt, 0 ď t ď 1,
where pVtq0ďtď1 is a C1-family of selfadjoint operators in LpHq anticommuting with the grading γ
such that Dt is invertible for all t P r0, 1s and pD´1t q0ďtď1 is a bounded family in LppHq. Then
(1) pA,H, Dtqσ is a smooth p-summable twisted spectral triple for all t P r0, 1s.
(2) For any q ě 12 pp` 1q, the cocycles τD0,σ2q and τD1,σ2q are cohomologous in H2qλ pAq.
Proof. We know from [77, Propositon C.1] that pA,H, Dtqσ is a p-summable twisted spectral
triple for all t P r0, 1s and, for any q ě 12 pp` 1q, the cocycles τD0,σ2q and τD1,σ2q are cohomologous in
H
2q
λ pAq. Therefore, we only need to show that the twisted spectral triples pA,H, Dtqσ, t P r0, 1s,
are smooth and the cocycles τD0,σ2q and τ
D1,σ
2q differ by the coboundary of a continuous cyclic
cochain.
By assumption pA,H, Dqσ is a smooth twisted spectral triple. In particular, the representation
of A in LpHq is continuous and the automorphism σ is a homeomorphism. Moreover, for all
t P r0, 1s and a P A,
rDt, asσ “ rD, asσ ` Vta´ σpaqVt.
We then see that the map pt, aq Ñ rDt, asσ is continuous from r0, 1s ˆA to LpHq. It then follows
that pA,H, Dtqσ is a smooth twisted spectral triple for all t P r0, 1s.
Let q be an integer ě 12 pp´1q. In [77] the explicit homotopy between τD0,σ2q and τD1,σ2q is realized
as follows. For t P r0, 1s and a P A set
δtpaq “ D´1t r 9VtD´1t , σpaqsDt.
In addition, for j “ 0, . . . , 2q ` 1 we set
αtjpaq “ a if j is even and αtjpaq “ D´1t σpaqDt if j is odd.
We note that
δtpaq “ D´1t p 9Vtαt1paq ´ σpaq 9Vtq and αt1paq “ a´D´1t rDt, asσ
In particular we see that the maps pt, aq Ñ αtjpaq are continuous from r0, 1sˆA to LpHq. Moreover,
it is shown in [77, Appendix C] that pD´1t q0ďtďt is a C1-family in LppHq. Therefore, we also see
that the map pt, aq Ñ δtpaq is continuous from r0, 1s ˆA to LppHq.
Bearing this mind it is shown in [77] that
(5.3) τD1,σ2q ´ τD0,σ2q “ Bη,
where η is the Hochschild p2q ` 1q-cocycle given by
ηpa0, . . . , a2q`1q “ cq
2q`1ÿ
j“0
ż 1
0
Str
`
αjpa0qD´1t rDt, a1sσ ¨ ¨ ¨ δtpajq ¨ ¨ ¨D´1t rDt, a2q`1sσ
˘
dt,
where cq is some normalization constant. It follows from all the previous observations and the fact
that q ě 12 pp´ 1q that all the maps
pt, a0, . . . , a2q`1q Ñ αjpa0qD´1t rDt, a1sσ ¨ ¨ ¨ δtpajq ¨ ¨ ¨D´1t rDt, a2q`1sσ
are continuous from r0, 1s ˆA2q`2 to L1pHq. It follows from the cochain η is cochain. Therefore,
using (5.2) and the fact that η is a Hochschild cocycle we see that
τ
D1,σ
2q ´ τD0,σ2q “ pb`Bqη in C2q`26 pAq.
This implies that SpτD1,σ2q ´ τD0,σ2q q is a coboundary in H2q`2λ pAq. Combining this with (5.2) we
then deduce that τD0,σ2q`2 and τ
D0,σ
2q`2 are cohomologous in H
2q`2
λ pAq. This proves the 2nd part of
the lemma and completes the proof. 
The homotopy lemma is the main ingredient in the proof of the following result.
Lemma 5.7. Assume D is invertible and let q be an integer ě 12 pp` 1q. Then the cyclic cocycles
τ
D,σ
2q and τ
D,σ
2q are cohomologous in H
2q
λ pAq, and hence define the the same class in HP0pAq.
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Proof. We know from [77, §7] that, for q ě 12 pp` 1q, the cocycles τD,σ2q and τD,σ2q define the same
class in H2qλ pAq. The argument relies on the homotopy of unbounded operators on H˜ given by
D˜t “ D˜0 ` tJ, 0 ď t ď 1,
where we have set
D˜0 “
ˆ
D 0
0 ´D
˙
and J “
ˆ
0 1
1 0
˙
.
Note that D˜1 “ D˜. It is shown in [77, §7] that this homotopy satisfies the assumptions of
Lemma 5.6. Therefore, pA˜, H˜, D˜tqσ˜ is a smooth spectral triple for all t P r0, 1s and, for q ě 12 pp`1q,
the cocycles τ D˜0,σ˜2q and τ
D˜1,σ˜
2q are cohomologous in H
2q
λ pA˜q. Incidentally, the restrictions to A of
τ
D˜0,σ˜
2q and τ
D˜1,σ˜
2q are cohomologous cocycles in H
2q
λ pAq. As D˜1 “ D˜ the restriction of τ D˜1,σ˜2q is
τ
D,σ
2q . Moreover, it is shown in [77, §7] that τ
D,σ
2q is the restriction of τ
D˜0,σ˜
2q . Therefore, we see that
τ
D,σ
2q and τ
D,σ
2q are cohomologous in H
2q
λ pAq, and hence define the the same class in HP0pAq. The
proof is complete. 
Granted Lemma 5.5 and Lemma 5.7 the Connes-Chern character descends to a class inHP0pAq
as follows.
Definition 5.8. The Connes-Chern character ChpDqσ P HP0pAq defined as follows:
- When D is invertible this the common class in HP0pAq of any of the cyclic cocycles τD,σ2q
or τD,σ2q , q ě 12 pp´ 1q.
- When D is not invertible this the common class in HP0pAq of the cyclic cocycles τD,σ2q ,
q ě 12 pp´ 1q.
Proposition 5.9. Let pA,H, Dqσ be a p-summable smooth twisted spectral triple. Then
(1) The class ChpDqσ agrees with the Connes-Chern character ChpDqσ under the morphism
HP0pAq Ñ HP0pAq induced by the inclusion of C‚7 pAq into C‚7 pAq.
(2) For any Hermitian finitely generated projective module E over A and σ-connection ∇E on
E, we have
indD∇E “ xChpDqσ ,ChpEqy ,
where ChpEq is the Chern character of E seen as a class in HP0pAq.
Proof. The first part is immediate since by their very definitions, ChpDqσ and ChpDqσ are repre-
sented by the same cyclic cocycles. As for the 2nd part, consider an idempotent e in someMNpAq,
N ě 1 such that E » eAN . Then, for any q ě 12 pp´ 1q,
xChpDqσ,ChpEqy “
A
τ
D,σ
2q ,Chpeq
E
“ xChpDqσ,ChpEqy .
Combining this with Proposition 4.9 gives the result. 
Remark 5.10. In what follows by the Connes-Chern character of a smooth (p-summable) twisted
spectral triple pA,H, Dqσ we shall mean the cohomology class ChpDqσ P HP0pAq.
6. Invariance of the Connes-Chern Character
In preparation for the next section, we prove in this section the invariance of the Connes-Chern
character under equivalences and conformal deformations of twisted spectral triples.
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6.1. Equivalence of twisted spectral triples. The equivalence of two twisted spectral triples
over the same algebra is defined as follows.
Definition 6.1. Let pA,H1, D1qσ1 and pA,H2, D2qσ2 be twisted spectral triples over the same
algebra. For i “ 1, 2 let us denote by pii the representation of A into Hi. Then we say that
pA,H1, D1qσ1 and pA,H2, D2qσ2 are equivalent when there is a unitary operator U : H1 Ñ H2
such that
D1 “ U˚D2U,(6.1)
pi1paq “ U˚pi2paqU and pi1pσ1paqq “ U˚pi2pσ2paqqU for all a P A.(6.2)
Remark 6.2. We may also define the equivalence of a pair of spectral triples pA1,H1, D1qσ1 and
pA2,H2, D2qσ2 with A1 ‰ A2 by requiring the existence of a ˚-algebra isomorphism ψ : A1 Ñ A2
and replacing the condition (6.2) by
pi1paq “ U˚pi2 pψpaqqU and pi1pσ1paqq “ U˚pi2 pσ2 pψpaqqqU for all a P A1.
Proposition 6.3. Let pA,H1, D1qσ1 and pA,H2, D2qσ2 be equivalent twisted spectral triples that
are p-summable for some p ě 1. In addition, let q be an integer ě 12 pp´ 1q. Then
(1) The cyclic cocycles τD1,σ12q and τ
D2,σ2
2q agree.
(2) The same result holds for the cocycles τD1,σ12q and τ
D2,σ2
2q when D1 and D2 are invertible.
(3) The twisted spectral triples pA,H1, D1qσ1 and pA,H2, D2qσ2 have the same Connes-Chern
character.
Proof. The last part is an immediate consequence of the first two parts, so we only need to prove
these two parts. In addition, we note that the invertible doubles of pA,H1, D1qσ1 and pA,H2, D2qσ2
are equivalent, where the equivalence is implemented by the unitary operator U ‘ U acting on
H˜ “ H ‘H. Therefore, it is enough to assume that D1 and D2 are invertible and prove the 2nd
part.
Under the aforementioned assumption and using (6.1)–(6.2) we see that, for all a P A,
D´11 rD1, asσ1 “ U˚D´12 rD2, asσ2U.
Therefore, for all aj P A, we have
τ
D1,σ1
2q pa0, . . . , a2qq “
1
2
p´1qq q!p2qq! Str
 
U˚D´12 rD2, a0sσ2U ¨ ¨ ¨U˚D´12 rD2, a2qsσ2U
(
“ τD2,σ22q pa0, . . . , a2qq.
This proves the result. 
6.2. Conformal deformations of twisted spectral triples. For future purpose it will be
useful to extend to the setting of twisted spectral triples the conformal deformations of ordinary
spectral triples. Let pA,H, Dqσ be a twisted spectral triple and k a positive element of A. We let
σˆ : AÑ A be the automorphism of A given by
σˆpaq “ kσpkak´1qk´1 @a P A.
Proposition 6.4. pA,H, kDkqσˆ is a twisted spectral triple.
Proof. We only need to check the boundedness of the twisted commutators rkDk, asσˆ, a P A. To
see this we note that
(6.3) rkDk, asσˆ “ kDka´ σˆpaqkDk “ k
`
Dpkak´1q ´ pk´1σˆpaqkqD˘ k “ krD, asσk.
As the twisted commutator rD, asσ is bounded, it follows that rkDk, asσˆ is bounded as well. The
proof is complete. 
The following shows that the Connes-Chern character is invariant under conformal deforma-
tions.
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Proposition 6.5. Assume that pA,H, Dqσ is p-summable for some p ě 1. Then, for any positive
element k P A, we have
ChpkDkqσˆ “ ChpDqσ P HP0pAq.
Remark 6.6. The above result is proved in [38] in the special case σ “ id and D is invertible.
Proof of Proposition 6.5. Set Dk “ kDk. We shall first prove the result when D is invertible,
as the proof is simpler in that case. Given an integer q ą 12 pp ´ 1q let aj P A, j “ 0, . . . , 2q.
Using (4.2) and (6.3) we get
τ
Dk ,σˆ
2q pa0, . . . , a2qq “cq Str
 
D´1k rDk, a0sσˆ ¨ ¨ ¨D´1k rDk, a2qsσˆ
(
(6.4)
“cq Str
 pk´1D´1rD, ka0k´1sσkq ¨ ¨ ¨ pk´1D´1rD, ka2qk´1sσkq((6.5)
“cq Str
 
D´1rD, ka0k´1sσ ¨ ¨ ¨D´1rD, ka2qk´1sσ
(
(6.6)
“τD,σ2q
`
ka0k´1, ¨ ¨ ¨ , ka2qk´1˘ .(6.7)
As cyclic cohomology is invariant under the action of inner automorphisms (see [32, Prop. III.1.8]
and [64, Prop. 4.1.3]), we deduce that the cyclic cocycles τD,σ2q and τ
Dk ,σˆ
2q are cohomologous in
H
2q
λ pAq. Therefore, they define the same class in HP0pAq, and so the twisted spectral triples
pA,H, Dqσ and pA,H, Dkqσˆ have the same Connes-Chern character.
Let us now prove the result when D is not invertible. To this end consider the respective
unital invertible doubles pA˜, H˜, D˜qσ and pA˜, H˜, D˜kqσˆ of pA,H, Dqσ and its conformal deformation
pA,H, Dkqσˆ, where by a slight abuse of notation we have denoted by σ and σˆ the extensions to
A˜ of the automorphisms σ and σˆ. As it turns out, pA˜, H˜, D˜kqσˆ is not a conformal deformation
of pA˜, H˜, D˜qσ so that the proof in the invertible case does not extend to the invertible doubles.
Nevertheless, as we shall see, pA˜, H˜, D˜kqσˆ is a pseudo-inner twisting in the sense of [79] of a twisted
spectral triple which is homotopy equivalent to pA˜, H˜, D˜qσ.
To wit consider the selfadjoint unbounded operator on H˜ “ H‘H given by
D˜1 “
ˆ
D k´2
k´2 ´D
˙
, dompD˜1q “ dompDq ‘ dompDq.
As D˜1 agrees with D˜ up to a bounded operator, we see that pA˜, H˜, D˜1qσ is a p-summable twisted
spectral triple. Note also that
(6.8) D˜k “
ˆ
kDk 1
1 ´kDk
˙
“ ωD˜1ω, where ω :“
ˆ
k 0
0 k
˙
.
In particular, we see that D˜1 is invertible. An explicit homotopy between pA˜, H˜, D˜qσ and pA˜, H˜, D˜1qσ
is given by the family of twisted spectral triples pA˜, H˜, D˜tqσ, t P r0, 1s, with
(6.9) D˜t “
ˆ
D k´2t
k´2t ´D
˙
“ D˜ ` Vt, where Vt “
ˆ
0 k´2t ´ 1
k´2t ´ 1 0
˙
.
We observe that pVtqtPr0,1s is a C1-family in LpH˜q and, in the same way as for D˜1, it can be shown
that the operator D˜t is invertible for all t P r0, 1s. Therefore, we may use the homotopy invariance
of the Connes-Chern character in the form of [77, Appendix C] to deduce that, for all q ě 12 pp`1q,
the cyclic cocycles τ D˜,σ2q and τ
D˜1,σ
2q are cohomologous in H
2q
λ pA˜q. Incidentally, if denote by τ D˜,σ2q
and τ D˜1,σ2q their respective restrictions to A, then we see that τ
D˜,σ
2q and τ
D˜1,σ
2q are cohomologous
cyclic cocycles in H2qλ pAq.
Bearing this in mind, let a P A. Using (6.8) and noting that ωp˜ipaqω´1 “ p˜ipkak´1q, we see
that D˜kp˜ipaq “ ωD˜1pωp˜ipaqω´1qω “ ωD˜1p˜ipkak´1qω. Likewise,
p˜ipσˆpaqqD˜k “ ωpω´1p˜ipσˆpaqqωqD˜1ω “ ωp˜ipk´1σˆpaqkqD˜1ω “ ωp˜ipσpkak´1qqD˜1ω.
Thus,
(6.10) D˜´1k rD˜k, p˜ipaqsσˆ “
´
ω´1D˜´11 ω
´1
¯´
ωrD˜1, p˜ipkak´1qsσω
¯
“ ω´1D˜´11 rD˜1, p˜ipkak´1qsσω.
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Given an integer q ą 12 pp ´ 1q, let aj P A, j “ 0, . . . , 2q. Using (4.2) and (6.10) and arguing as
in (6.7) we obtain
τ
D˜k,σˆ
2q pa0, . . . , a2qq “cq Str
!
D˜krD˜k, p˜ipa0qsσˆ ¨ ¨ ¨ D˜krD˜k, p˜ipa2qqsσˆ
)
(6.11)
“cq Str
!
pω´1D˜1rD˜1, p˜ipka0k´1qsσωq ¨ ¨ ¨ pω´1D˜1rD˜1, p˜ipka2qk´1qsσωq
)
(6.12)
“cq Str
!
D˜1rD˜1, p˜ipka0k´1qsσ ¨ ¨ ¨ D˜1rD˜1, p˜ipka2qk´1qsσ
)
(6.13)
“τ D˜1,σ2q pka0k´1, . . . , ka2qk´1q.(6.14)
Therefore, in the same way as in the invertible case, we deduce that the cocycles τ D˜k,σˆ2q and τ
D˜1,σ
2q
are cohomologous in H2qλ pAq. It then follows that, for q ě 12 pp` 1q, the cocycles τ D˜,σ2q and τ D˜k,σˆ2q
are cohomologous in H2qλ pAq, and hence define the same class in HP0pAq. This shows that the
twisted spectral triples pA,H, Dqσ and pA,H, Dkqσˆ have same Connes-Chern character. The proof
is complete. 
6.3. Smooth twisted spectral triples. We shall now explain how to extend to smooth twisted
spectral triples the previous results of this section. First, we have the following result.
Proposition 6.7. Let pA,H1, D1qσ1 and pA,H2, D2qσ2 be equivalent smooth twisted spectral
triples that are p-summable for some p ě 1. Then ChpD1qσ1 “ ChpD2qσ2 in HP0pAq.
Proof. This is an immediate consequence of the first two parts of Proposition 6.3, since they imply
that ChpD1qσ1 and ChpD2qσ2 are represented by the same cocycles. 
Proposition 6.8. Assume that pA,H, Dqσ is p-summable for some p ě 1. Then, for any positive
element k P A, we have
ChpkDkqσˆ “ ChpDqσ PHP0pAq.
Proof. We shall continue using the notation of the proof of Proposition 6.5. This proof shows that,
for any q ě 12 pp` 1q, the cocycles τD,σ and τDk,σˆ define the same class in H2qλ pAq by establishing
that they both are cohomologous to the cocycle τ D˜1,σ. In order to prove the result we only need
to show that τD,σ and τDk,σˆ both are cohomologous to τ D˜1,σ in H2qλ pAq.
The equality between the classes of τD,σ and τ D˜1,σ in H2qλ pAq is a consequence of the homotopy
invariance of the Connes-Chern character and the fact that the operators D˜ and D˜1 can be
connected by a operator homotopy of the form (6.9). Using Lemma 5.6 we then see that the
cocycles τ D˜,σ˜ and τ D˜1,σ are cohomologous in H2qλ pA˜q. Therefore, their restrictions to A, i.e., the
cocycles τD,σ and τ D˜1,σ, define the same class in H2qλ pAq.
In addition, Eq. (6.14) shows that the cocycle τDk,σˆ is obtained from τ D˜1,σ by composing with
the inner automorphism defined by k. The proof of the invariance of cyclic cohomology by the
action of inner automorphisms in [64] holds verbatim for the cyclic cohomology of continuous
cochains. It then follows that the cocycles τDk,σˆ and τ D˜1,σ define the same class in H2qλ pAq, and
so τD,σ and τDk,σˆ are cohomologous in H2qλ pAq. The proof is complete. 
7. The Conformal Connes-Chern Character
In this section, after recalling the construction of the conformal Dirac spectral triple of [38]
associated with any given conformal structure, we show that its Connes-Chern character (defined
in continuous cyclic cohomology) is actually a conformal invariant.
7.1. The conformal Dirac spectral triple. Throughout this section and the rest of the paper
we let M be a compact (closed) spin oriented manifold of even dimension n. We also let C be a
conformal structure onM , i.e., a conformal class of Riemannian metrics onM . We then denote by
G the identity component of the group of (smooth) orientation-preserving diffeomorphisms of M
preserving the conformal structure C and the spin structure ofM . Let g be a representative metric
in the conformal class C , and consider the associated Dirac operator {Dg : C8pM, {Sq Ñ C8pM, {Sq
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on the sections of the spinor bundle {S “ {S` ‘ {S´. In addition, we denote by L2gpM, {Sq the
corresponding Hilbert space of L2-spinors.
In the setup of noncommutative geometry, the role of the quotient space M{G is played by
the (discrete) crossed-product algebra C8pMq ¸G. The underlying vector space of C8pMq ¸G
is CG b C8pMq, where CG is the group algebra of G over C. Given φ P G and f P C8pMq,
it is convenient to denote the tensor products 1 b φ and f b 1 by uφ and f , respectively. Using
this notation, any element of C8pMq ¸ G has a unique representation as a finite sum ř fφuφ,
fφ P C8pMq, so that we have the direct-sum decomposition,
(7.1) C8pMq ¸G “ à
φPG
C8pMquφ.
The action of G on M gives to an action on C8pMq given by
(7.2) φ ¨ f “ f ˝ φ´1, φ P G, f P C8pMq.
The product and involution of C8pMq ¸G are given by
pf0uφ0qpf1uφ1q “ f0pφ0 ¨ f1quφ0φ1 , φj P G, f j P C8pMq,(7.3)
pfuφq˚ “ u´1φ f “ pφ´1 ¨ fquφ´1 , φ P G, f P C8pMq.(7.4)
In particular, we have the relations,
uφf “ pφ ¨ fquφ and u˚φ “ u´1φ “ uφ´1.
Let φ P G. As φ is a diffeomorphism preserving the conformal class C , there is a unique function
kφ P C8pMq, kφ ą 0, such that
(7.5) φ˚g “ k2φg.
Moreover, φ uniquely lifts to a unitary vector bundle isomorphism φ {S : {S Ñ φ˚ {S, i.e., a unitary
section of Homp{S, φ˚ {Sq (see [14]). We then let Vφ : L2gpM, {Sq Ñ L2gpM, {Sq be the bounded operator
given by
(7.6) Vφupxq “ φ {S
`
u ˝ φ´1pxq˘ @u P L2gpM, {Sq @x PM.
The map φÑ Vφ is a representation of G in L2gpM, {Sq, but this is not a unitary representation. In
order to get a unitary representation we need to take into account the Jacobian |φ1pxq| “ kφpxqn
of φ P G. This is achieved by using the unitary operator Uφ : L2gpM, {Sq Ñ L2gpM, {Sq given by
(7.7) Uφ “ k
n
2
φ Vφ, φ P G.
Then φ Ñ Uφ is a unitary representation of G in L2gpM, {Sq. Combining this with the action
of C8pMq by multiplication operators provides with a ˚-representation of the crossed-product
algebra C8pMq ¸G. In addition, we let σg be the automorphism of C8pMq ¸G given by
(7.8) σgpfuφq :“ kφfuφ @f P C8pMq @φ P G.
Proposition 7.1 ([38]). The triple pC8pMq ¸G,L2gpM, {Sq, {Dgqσg is a twisted spectral triple.
Remark 7.2. The bulk of the proof is to show the boundedness of the twisted commutators
r {Dg, Uφsσg , φ P G. We remark that
Uφ {DgU˚φ “ k
n
2
φ pVφ {DgV ´1φ qk
´n
2
φ “ k
n
2
φ
{Dφ˚gk
´n
2
φ “ k
n
2
φ
{Dk2
φ
gk
´n
2
φ .
Combining this with the conformal invariance of the Dirac operator (see, e.g., [55]) we obtain
Uφ {DgU˚φ “ k
n
2
φ
ˆ
k
´pn`12 q
φ
{Dgk
n´1
2
φ
˙
k
´n
2
φ “ k
´ 1
2
φ
{Dgk´
1
2
φ .
Using this we see that the twisted commutator r {Dg, Uφsσg “ {DgUφ ´ kφUφ {Dg is equal to´
{Dgk
1
2
φ ´ kφpUφ {DgU˚φ qk
1
2
φ
¯
k
´ 1
2
φ Uφ “
´
{Dgk
1
2
φ ´ k
1
2
φ
{Dg
¯
k
´ 1
2
φ Uφ “ r {Dg, k
1
2
φ sk
´ 1
2
φ Uφ.
This shows that r {Dg, Uφsσg is bounded.
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Remark 7.3. We shall refer to pC8pMq¸G,L2gpM, {Sq, {Dgqσg as the conformal Dirac spectral triple
associated with the representative metric g.
Remark 7.4. The automorphism σg is ribbon in the sense mentioned in Remark 2.22. This is seen
by using the automorphism τg of C
8pMq ¸G defined by
τgpfuφq “
a
kφfuφ @f P C8pMq @φ P G,
where kφ is the conformal factor in the sense (7.5).
The crossed-product C8pMq ¸ G is endowed with a locally convex space topology as follows.
The direct-sum decomposition (7.1) means that, as a vector space, C8pMq¸G is the direct union
of the subspaces,
C8pMq ¸ F “ à
φPF
C8pMquφ, F Ă G finite.
Given a finite subset F Ă G, we have a canonical vector space identification C8pMq ¸ F »
C8pMqF . Note that C8pMqF is a Fre´chet space with respect to the product topology. Pulling
back this topology to C8pMq ¸ F we obtain a canonical Fre´chet space topology on this space.
We then endow C8pMq ¸G with the coarsest locally convex topology that makes continuous the
inclusions of the subspaces C8pMq¸F into C8pMq¸G as F ranges over finite subsets of G. Thus
a basis of neighborhoods of the origin in C8pMq ¸G consists of convex balanced subsets U such
that, for all every finite subset F Ă G, the intersection UXpC8pMq¸F q is a neighborhood of 0 in
C8pMq¸F . In particular, given a topological vector space X , a linear map T : C8pMq¸GÑ X
is continuous if and only if, for all φ P G, the linear map f Ñ T pfuφq is continuous from C8pMq
to X .
We also observe that, given φ0 and φ1 in G, the multiplication (7.3) induces a jointly continuous
bilinear map pC8pMquφ0q ˆ pC8pMquφ1q Ñ C8pMquφ. In addition, given any φ P G, the
involution (7.4) induces a continuous anti-linear map C8pMquφ ÝÑ C8pMquφ´1 . It then follows
that the multiplication of the crossed-product algebra C8pMq ¸G is a jointly continuous bilinear
and its involution is continuous. Therefore, we see that C8pMq ¸G is a locally convex ˚-algebra
with respect the topology described above.
Lemma 7.5. For any metric g P C , the twisted spectral triple pC8pMq ¸G,L2gpM, {Sq, {Dgqσg is
smooth in the sense of Definition 5.1.
Proof. Let φ P G. The map f Ñ fUφ is continuous from C8pMq to L
`
L2gpM, {Sq
˘
. As σgpfuφq “
kφfuφ and σ
´1
g pfuφq “ k´1φ fuφ, the maps φÑ σ˘1g pfuφq are continuous from C8pMq to C8pMq¸
G. In addition, note that, for any f P C8pMq,
r {Dg, fUφsσg “ r {Dg, f sUφ ` f r {Dg, Uφsσg “ icpdfqUφ ` f r {Dg, Uφsσg ,
where cpdfq is the Clifford representation of the differential df . Thus, the map f Ñ r {Dg, fUφsσg
is continuous from C8pMq to L `L2gpM, {Sq˘. It follows from all this that the conditions (1)–(3)
of Definition 5.1 are satisfied, and so pC8pMq ¸G,L2gpM, {Sq, {Dgqσg is a smooth twisted spectral
triple . The lemma is thus proved. 
7.2. Conformal invariance of the Connes-Chern character. The construction of the confor-
mal Dirac spectral triple pC8pMq¸G,L2gpM, {Sq, {Dgqσg , depends on the choice of a representative
metric g in the conformal class C . The following proposition describes the dependence on this
choice.
Proposition 7.6. Let gˆ be another metric in the conformal class C , i.e., gˆ “ k2g for some
function k P C8pMq, k ą 0. Let σˆ be the automorphism of C8pMq ¸G defined by
(7.9) σˆpaq “ k´ 12 σgpk´ 12 ak 12 qk 12 “ k´1σgpaqk, a P C8pMq ¸G.
Then the conformal Dirac spectral pC8pMq ¸ G,L2gˆpM, {Sq, {Dgˆqσgˆ associated with gˆ is equivalent
to the conformal deformation pC8pMq ¸G,L2gpM, {Sq, k´
1
2 {Dgk´ 12 qσˆ.
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Proof. Let U : L2gˆpM, {Sq Ñ L2gpM, {Sq be the operator given by the multiplication by k
n
2 . Let
u P L2gˆpM, {Sq. As |dx|gˆ “ kpxqn|dx|g , we have
}Uu}2
L2gpM, {Sq
“
ż
M
`
kpxqn2 upxq, kpxqn2 upxq˘ |dx|g “ ż
M
pupxq, upxqq |dx|gˆ “ }u}2L2
gˆ
pM, {Sq.
This shows that U is a unitary operator. Moreover, using the conformal invariance of the Dirac
operator [56] we see that
(7.10) {Dgˆ “ k´
1
2
pn`1q {Dgk
1
2
pn´1q “ U˚k´ 12 {Dgk´
1
2U.
Let φ P G. We have two representations of φ. One is the unitary operator Vφ of L2gpM, {Sq
given by (7.6) using the representative metric g. We have another representation of φ as a unitary
operator pVφ of L2gˆpM, {Sq given by the same formula using the metric gˆ. That is,pVφu “ enhˆφφ˚u, u P L2gˆpM, {Sq,
where hˆφ P C8pM,Rq and satisfies that φ˚gˆ “ e2hφ gˆ. Set h “ log k. Then
φ˚gˆ “ φ˚pk2gq “ pk ˝ φ´1q2φ˚g “ e2he2hφg “ e2ph˝φ´1`hφ´hqgˆ,
which shows that hˆφ “ h ˝ φ´1 ` hφ ´ h. Let u P L2gˆpM, {Sq. ThenpVφu “ e´nhenhφe´nh˝φφ˚u “ k´n2 enhφφ˚pk n2 uq “ U˚VφUu.
Likewise,
σgˆppVφqu “ e´pn`1qhˆφφ˚u “ k´pn`1qepn`1qhφφ˚pkn`1uq “ Uk´1σgpVφqkUu “ U´1σˆpVφqUu.
We then deduce that, for all f P C8pMq and φ P G,
f pVφ “ U˚pfVφqU and σgˆpf pVφq “ U˚σˆpfVφqU.
Combining this with (7.10) shows that the twisted spectral triples pC8pMq ¸G,L2gˆpM, {Sq, {Dgˆqσgˆ
and pC8pMq ¸G,L2gpM, {Sq, k´
1
2 {Dgk´ 12 qσˆ are equivalent. The proof is complete. 
Given any metric g P C , the j-th eingenvalue of | {Dg| grows like j 1n as j Ñ 8. Therefore,
the associated twisted spectral triple pC8pMq ¸ G,L2gpM, {Sq, {Dgqσg is p-summable for all p ą
n. Combining this with Proposition 6.3 shows that the Connes-Chern character of pC8pMq ¸
G,L2gpM, {Sq, {Dgqσg is well defined as a class in HP0pC8pMq ¸ Gq for every metric g in the
conformal class C .
We are now in a position to state the main result of this section.
Theorem 7.7. The Connes-Chern character Chp {Dgqσg P HP0 pC8pMq ¸Gq is independent of
the choice of the metric g P C , i.e, it is an invariant of the conformal structure C .
Proof. Let gˆ be another metric in the conformal class C , so that gˆ “ k2g with k P C8pMq, k ą 0.
Combining Proposition 7.6 with Proposition 6.3 and Proposition 6.8 we get
Chp {Dgˆqσgˆ “ Ch
´
k´
1
2 {Dgk´
1
2
¯
σˆ
“ Chp {Dgqσg in HP0 pC8pMq ¸Gq,
where σˆ is defined as in (7.9). This proves the result. 
This leads us to the following definition.
Definition 7.8. The Connes-Chern character of the conformal class C , denoted by ChpC q, is
the common class in HP0 pC8pMq ¸Gq of the Connes-Chern characters of the conformal Dirac
spectral triples pC8pMq ¸G,L2gpM, {Sq, {Dgqσg as the metric g ranges over the conformal class C .
Combining this with Proposition 5.9 we obtain the following index formula.
Proposition 7.9. Let E be a finitely generated projective module over C8pMq ¸ G. Then, for
any metric g P C and any σg-connection on E, it holds that
indD∇E “ xChpC q,ChpEqy .
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8. Local Index Formula in Conformal Geometry
In this section, we shall compute the conformal Connes-Chern character ChpC q when the
conformal structure C is not flat. Together with Proposition 7.9 this will provide us with the
local index formula in conformal-diffeomorphism invariant geometry. We recall that the conformal
structure C is flat when it is equivalent to the conformal structure of the round sphere Sn. In
case M is simply connected and has dimension ě 4 this is equivalent to the vanishing of the Weyl
curvature tensor of M (see [63]).
As pointed out in Remark 4.12, the ansatz of Moscovici [68] is not known to hold for conformal
deformations of ordinary spectral triples sastisfying the local index formula in noncommutative
geometry of [35]. As a result, unless the conformal structure C is flat and G is a maximal parabolic
subgroup of POpn ` 1, 1q, we cannot claim that for a general metric in C the corresponding
conformal Dirac spectral triple pC8pMq ¸G,L2gpM, {Sq, {Dgqσg satisfies Moscovici’s ansatz.
Having said this, the conformal invariance of the Connes-Chern character Chp {Dgqσg provided
by Theorem 7.7 allows us to choose any metric in the conformal class C to compute ChpC q. In
particular, as we shall see below (and as also observed by Moscovici [68]), the computation is
greatly simplified by choosing a G-invariant metric in the conformal class C . When the conformal
structure C is non-flat, the existence of such a metric is ensured by the following result.
Proposition 8.1 (Ferrand-Obata [9, 45, 81]). If the conformal structure C is not flat, then the
group of smooth diffeomorphisms of M preserving C is a compact Lie group and there is a metric
in C that is invariant by this group.
The relevance of using a G-invariant metric g P C stems from the observation that in this
case φ˚g “ g for all φ P G, and so, for every φ P G, the conformal factor kφ is always the
constant function 1. This implies that, for any φ P G, the unitary operator Uφ agrees with the
pushforward by φ. This also implies that the automorphism σg given by (7.8) is trivial, so that
the conformal Dirac spectral triple pC8pMq¸G,L2gpM, {Sq, {Dgqσg is actually an ordinary spectral
triple. Therefore, we arrive at the following statement.
Proposition 8.2. The conformal Connes-Chern character ChpC q agrees with the ordinary Connes-
Chern character of the equivariant Dirac spectral triple pC8pMq¸G,L2gpM, {Sq, {Dgq associated with
any G-invariant metric g in the conformal class C .
The computation of the Connes-Chern character of an equivariant Dirac spectral triple pC8pMq¸
G,L2gpM, {Sq, {Dgq associated with any G-invariant metric g P C is carried out in [78]. In order to
present the results of [78] we need to introduce some notation.
In what follows we let g be a G-invariant metric in the conformal class C . Given φ P G we
denote by Mφ its fixed-point set. As φ preserves the orientation and the metric g, we have the
following disjoint-union decomposition,
Mφ “
ğ
n´aP2N0
Mφa , where M
φ
a “
 
x PMφ; rkpφ1pxq ´ idq “ a( ,
and each component Mφa is a submanifold of M of dimension a. For a “ 0, 2, . . . , n we let
Nφa “ pTMφqK be the normal bundle of Mφa ; this is a smooth vector bundle over Mφa . We denote
by φN the isometric vector bundle isomorphism induced onNφa by φ
1. We note that the eigenvalues
of φN are either ´1 (which has even multiplicity) or complex conjugates e˘iθ, θ P p0, piq, with same
multiplicity. In addition, we shall orient Mφa like in [11, Prop. 6.14], so that the vector bundle
isomorphism φ {S : {S Ñ φ˚ {S gives rise to a section of Λn´apNφa q˚ which is positive with respect to
the orientation of Nφ defined by the orientations of M and Mφa .
For a “ 0, 2, . . . , n, we let ΩpMφa q “ pΩ‚pMφa q,^, dq be the differential graded algebra (DGA)
of differential forms onMφa . We then define ΩpMφq as the DGA obtained as the direct sum of the
DGAs ΩpMφa q, a “ 0, 2, . . . , n. We shall refer to elements of Ω‚pMφq as differential forms on Mφ.
Given ω P Ω‚pMφq we shall denote by ω|
M
φ
a
its component in Ω‚pMφa q. Note that
pω1 ^ ω2qˇˇ
M
φ
a
“
´
ω1
ˇˇ
M
φ
a
¯
^
´
ω2
ˇˇ
M
φ
a
¯
, ωj P ΩpMφq, a “ 0, 2, . . . , n.
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For a “ 0, 2, . . . , n, we let ι˚
M
φ
a
: ΩpMq Ñ ΩpMφa q be the DGA map given by pulling-pack by the
smooth inclusion ι
M
φ
a
:Mφa ãÑM . Taking direct sums of these DGA maps then provides us with
a DGA map ι˚
Mφ
: ΩpMq Ñ ΩpMφq. We also define the integration ş
Mφ
: ΩpMφq Ñ C by
(8.1)
ż
Mφ
ω :“
ÿ
n´aP2N0
ż
M
φ
a
´
ω|
M
φ
a
¯paq
, ω P ΩpMφq,
where pω|
M
φ
a
qpaq P ΩapMφa q is the top degree component of ω|Mφa .
In addition, as the Levi-Civita connection∇TM is preserved by φ, for a “ 0, 2, . . . , n, it preserves
the orthogonal splitting TM |
M
φ
a
“ TMφa ‘ Nφa , and so it induces a connection ∇N
φ
a on Nφa in
such a way that
∇TM
ˇˇ
|TMφa
“ ∇TMφa ‘∇Nφa ,
where ∇TM
φ
a is the Levi-Civita connection of TMφa . Let R
TMφa and RN
φ
a be the respective curva-
tures of ∇TM
φ
a and ∇N
φ
a . We associate with these curvatures the following characteristic forms,
(8.2) Aˆ
´
RTM
φ
a
¯
:“ det 12
˜
RTM
φ
a {2
sinhpRTMφa {2q
¸
and Vφ
´
RN
φ
a
¯
:“ det´ 12
ˆ
1´ φN e´RN
φ
a
˙
,
where det´
1
2 p1 ´ φN e´RN
φ
a q is defined in the same way as in [11, Section 6.3]. In particular,
AˆpRTMφa q is the Aˆ-form of the curvature RTMφa and the zeroth degree component of the charac-
teristic form NφpRNφa q is the Lefschetz number det´
1
2 p1 ´ φN q. We then let ΥφpRq P ΩpMφq be
the differential form on Mφ defined by
(8.3) ΥφpRqˇˇ
M
φ
a
“ p´iqn2 p2piq´ a2 Aˆ
´
RTM
φ
a
¯
^ Vφ
´
RN
φ
a
¯
, a “ 0, 2, . . . , n.
Note that ΥφpRq is a closed differential form on Mφ.
Theorem 8.3 ([78, Theorem 7.8]). Let g be a G-invariant metric. Then the Connes-Chern
character ChpDq of the equivariant Dirac spectral triple pC8pMq¸G,L2gpM, {Sq, {Dgq is represented
in HP0pC8pMq ¸Gq by the cocycle ϕCM “ pϕ2qqqě0 defined by
(8.4) ϕ2qpf0uφ0 , ¨ ¨ ¨ , f2quφ2qq “
1
p2qq!
ż
Mφ
ΥφpRq ^ ι˚
Mφ
´
f0dfˆ1 ^ ¨ ¨ ¨ ^ dfˆ2q
¯
,
where we have set φ :“ φ0 ˝ ¨ ¨ ¨ ˝ φ2q and fˆ j :“ f j ˝ φ´1j´1 ˝ ¨ ¨ ¨ ˝ φ´10 , j “ 1, . . . , 2q.
Combining this with Proposition 8.2 we obtain the following index formula in conformal-
diffeomorphism invariant geometry.
Theorem 8.4. Assume that the conformal structure C is non-flat.
(1) For any G-invariant metric g P C , the conformal Connes-Chern character ChpC q is
represented in HP0pC8pMq ¸Gq by the cocycle ϕ associated with g by (8.4).
(2) Let E be a finitely generated projective module over C8pMq ¸ G. Then, for any metric
g P C and any σg-connection ∇E on E, we have
indD∇E “ xϕ,ChpEqy ,
where ChpEq is the Chern character of E and ϕ is the cocycle (8.4) associated with any
G-invariant metric in C .
Remark 8.5 (See also [68]). For q “ 12n the right-hand side of (8.4) reduces to an integral over
Mφn . This submanifold is a disjoint union of connected components of M and on each of those
components φ is the identity. Therefore, if M is connected, then Mφ is empty unless φ “ id. In
this case we then have
(8.5) ϕnpf0uφ0 , ¨ ¨ ¨ , fnuφnq “
$&%
p2ipiq´n2
n!
ż
M
f0dfˆ1 ^ ¨ ¨ ¨ ^ dfˆn if φ0 ˝ ¨ ¨ ¨ ˝ φn “ id,
0 otherwise.
That is, ϕn agrees with the transverse fundamental class cocycle of Connes [31].
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Remark 8.6. The computation in [78] of the Connes-Chern character in HPpC8pMq ¸ Gq of an
equivariant Dirac spectral triple pC8pMq ¸G,L2gpM, {Sq, {Dgq is divided into two main steps. The
first step consists in showing that the Connes-Chern character is represented in HP0pC8pMq¸Gq
(and not just in HP0pC8pMq ¸Gq) by the CM cocycle. This requires extending the local index
formula of [34, 35] to the setting of smooth spectral triples. The second step is the explicit
computation of that CM cocycle as an immediate byproduct of a new proof of the equivariant
local index theorem of Patodi [72], Donnelly-Patodi [42] and Gilkey [49] (see also [8, 27]).
9. Equivariant Cohomology and Mixed Equivariant Homology
In this section, we recall the main background on group homology and equivariant cohomology
that is needed in this paper. We also review the mixed equivariant homology of [75]. For a
more comprehensive accounts on group homology and equivariant cohomology we refer to the
monographs [19, 54].
Throughout this section we let Γ be a group. By a Γ-space we shall mean a vector space
equipped with a left action of Γ, i.e., a left CΓ-module.
9.1. Group homology and group cohomology. The standard cyclic Γ-space (or CΓ-module)
of Γ is CpΓq “ pC‚pΓq, d, s, tq, where CmpΓq :“ CΓm`1, m ě 0, and the structural operators
d : C‚pΓq Ñ C‚´1pΓq, s : C‚pΓq Ñ C‚`1pΓq, t : C‚pΓq Ñ C‚pΓq are given by
dpψ0, . . . , ψmq “ pψ0, . . . , ψm´1q, spψ0, . . . , ψmq “ pψm, ψ0, . . . , ψmq,(9.1)
tpψ0, . . . , ψmq “ pψm, ψ0, . . . , ψm´1q, ψj P Γ.(9.2)
Each space CmpΓq is equipped with the Γ-action such that ψ ¨ pψ0, . . . , ψmq “ pψψ0, . . . , ψψmq for
all ψ, ψ0, . . . , ψm in Γ. The operators pd, s, tq are Γ-equivariant with respect to this action so that
we get a cyclic Γ-space. At the simplicial level we obtain the standard simplicial Γ-space of Γ
whose geometric realization is the universal Γ-bundle EΓ (a.k.a. Milnor construction). This gives
rise to a chain complex pC‚pΓq, Bq, where the differential B : C‚pΓq Ñ C‚´1pΓq is given by
(9.3) Bpψ0, . . . , ψmq “
ÿ
0ďjďm
p´1qjpψ0, . . . , ψˆj , . . . , ψmq, ψj P Γ.
In what follows, given Γ-spaces E1 and E2 we equip the tensor product E1bE2 (over C) with the
diagonal action of Γ. We then denote by E1bΓ E2 their tensor product over Γ, i.e., the quotient of
E1bE2 by the action of Γ. This ensures us that pψξ1qbΓ pψξ2q “ ξ1bΓ ξ2 for all ξj P Γ and ψ P Γ.
Bearing this in mind, for any Γ-space, we form the chain complex CpΓ, E q :“ pC‚pΓ, E q, Bq, where
CmpΓ, E q “ CmpΓq bΓ E . The homology of this complex is the homology of Γ with coefficients in
E and is denoted by H‚pΓ, E q. In the case of the trivial Γ-space E “ C we recover the homology
of the classifying space BΓ “ EΓ{Γ (with coefficients in C).
There is a natural duality between CmpΓ, E q and the space CmpΓ, E q that consists of all Γ-
equivariant maps u : Γm`1 Ñ E . We thus obtain a cochain complex pC‚pΓ, E q, Bq, where B :
C‚pΓ, E q Ñ C‚`1pΓ, E q is given by
pBuqpψ0, . . . , ψm`1q “
ÿ
0ďjďm`1
p´1qjupψ0, . . . , ψˆj , . . . , ψm`1q, ψj P Γ.
The cohomology of this cochain complex is the cohomology of Γ with coefficients in E and is
denoted by H‚pΓ, E q. When E “ C we recover the cohomology of BΓ.
We have a natural cup product `: CppΓ, E1q ˆ CqpΓ, E2q Ñ Cp`qpΓ, E1 b E2q given by
pu ` vqpψ0, . . . , ψp`qq “ upψq, . . . , ψp`qq b vpψ0, . . . , ψqq, ψj P Γ.
This cup product is associative and compatible with the group coboundary B. Therefore, it induces
a (graded associative) cup product on group cohomology. In particular, this turns H‚pΓ,Cq into
a graded ring. By duality we get a cap product a: CppΓ, E1qˆCp`qpΓ, E2q Ñ CqpΓ, E1bE2q given
by
(9.4) u a rpψ0, . . . , ψp`qq bΓ ξs “ pψp, . . . , ψp`qq bΓ rupψ0, . . . , ψpq b ξs , ψj P Γ, ξ P E2.
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This cap product is compatible with the group boundary and coboundary, as well as with the cup
product. Therefore, it descends to a cap product between group cohomology and group homology
which is compatible with the cup product. In particular, when E1 “ C we obtain a graded (left)
action of the cohomology ring H‚pΓ,Cq on the group homology H‚pΓ, E2q.
9.2. Equivariant cohomology. From now on we assume that Γ acts on a manifold M by
(smooth) diffeomorphisms. The equivariant cohomology of M is the cohomology of the homo-
topy quotient EΓˆΓM (a.k.a. Borel construction). This cohomology can be defined by using the
bicomplex of Bott [13] as follows. This bicomplex is CΓpMq :“ pC‚,‚Γ pMq, B, dq, where Cp,qΓ pMq “
CppΓ,ΩqpMqq and we regard the de Rham differential as an operator d : C‚,‚Γ pMq Ñ C‚,‚`1Γ pMq.
It gives rise to the total complex TotpCΓpMqq “ pTot‚pCΓpMqq, d:q, where TotmpCΓpMqq “À
p`q“m C
ppΓ,ΩqpMqq and d: “ B ` p´1qpd on CppΓ,ΩqpMqq. The equivariant cohomology of
the Γ-manifoldM is the cohomology of the cochain complex TotpCΓpMqq. It is denoted byH‚ΓpMq.
We also define the even/odd equivariant cohomology H
ev{odd
Γ pMq as the cohomology of the
cochain complex pCev{oddΓ pMq, d:q, where Cev{oddΓ pMq “
ś
p` q even/oddC
ppΓ,ΩqpMqq. This is a
natural receptacle for the construction of equivariant characteristic classes. In particular, given
any equivariant vector bundle E over M , we have a uniquely defined equivariant Chern character
ChΓpEq P HevΓ pMq. Following Getzler [46], given any connection ∇E on E, we can represent this
equivariant Chern character by an explicit equivariant cochain ChΓp∇Eq P CevΓ pMq as follows.
As E is a Γ-equivariant bundle, any ψ P Γ lifts to a vector bundle isomorphism ψE on E. In
particular, this enables us to pushforward∇E0 to the connection ψ˚∇
E :“ `ψ˚ b ψE˚ ˘˝∇E˝`ψE˚ ˘´1,
where ψ˚ and ψ
E
˚ are the respective actions of ψ on C
8pM,T ˚Mq and C8pM,Eq. The equivariant
Chern form is ChΓp∇Eq “ pChpΓp∇Eqqpě0, where the components ChpΓp∇Eq P CppΓ,Ω‚pMqq are
given by
Ch0Γp∇Eqpψ0q “ Ch
`pψ0q˚∇E˘ ,(9.5)
ChpΓp∇Eqpψ0, . . . , ψpq “ p´1qpCS
`pψ0q˚∇E , . . . , pψpq˚∇E˘ , ψj P Γ.(9.6)
Here Ch
`pψ0q˚∇E˘ is the Chern form of the connection pψ0q˚∇E and CS `pψ0q˚∇E , . . . , pψpq˚∇E˘
is the Chern-Simons form of the connections pψ0q˚∇E , . . . , pψpq˚∇E as defined in [46]. Note that
ChpΓp∇Eq is an element of CppΓ,ΩevpMqq (resp., CppΓ,ΩoddpMqq) when p is even (resp., odd).
When Γ is a compact connected Lie group, the equivariant cohomologyH‚ΓpMq can be described
equivalently in terms of the Cartan model of equivariant differentiel forms and the Weil model
(see [25, 54, 66]).
9.3. Mixed Equivariant Homology. We also can define the equivariant homology of the Γ-
manifoldM by using a chain version of Bott’s bicomplex. For our purpose it is more convenient to
use the mixed equivariant homology of [75]. Following [75] the equivariant mixed bicomplex of M
is obtained as the tensor product over Γ of the mixed complexes pC‚pΓq, B, 0q and pΩ‚pMq, 0, dq.
Thus, this is CpΓ,Mq :“ pC‚,‚pΓ,Mq, B, 0, 0, dq, where Cp,qpΓ,Mq “ CppΓ,ΩqpMqq, p, q ě 0.
This gives rise to the “total” mixed complex TotpCpΓ,Mqq “ pTot‚pCpΓ,Mqq, B, p´1qpdq, where
TotmpCpΓ,Mqq “
À
p`q“m CppΓ,ΩqpMqq. The cyclic homology of this mixed complex is called the
mixed equivariant homology of the Γ-manifoldM and is denoted by HΓ‚ pMq7. A mixed equivariant
chain in TotmpCpΓ,Mqq6 is of the form ω “ pωp,qqm´pp`qqP2N0 where ωp,q P CΓp`1bΓΩqpMq. This
gives a cycle iff Bωp,q “ 0 when p` q “ m and Bωp`1,q`p´1qpdωp,q´1 “ 0 when m´pp` qq P 2N.
The periodic cyclic homology of the equivariant mixed complex TotpCpΓ,Mqq is called the
even/odd mixed equivariant homology ofM and is denoted by HΓev{oddpMq7. Note that the periodic
cyclic complex is pCev{oddpΓ,Mq, B`p´1qpdq, where Cev{oddpΓ,Mq “
ś
p` q even/oddCppΓ,ΩqpMqq.
The mixed equivariant homology is the natural receptacle for the cap product between equivari-
ant cohomology and group homology. More precisely, the cap product (9.4) gives a cap product
a: CppΓ,ΩqpMqq ˆ CmpΓ,Cq Ñ Cm´ppΓ,ΩqpMqq. This is a differential bilinear map which is
compatible with the group differentials and the de Rham differential. Therefore, it gives rise to a
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(graded) cap product,
(9.7) a: H
ev{odd
Γ pMq ˆH‚pΓ,Cq ÝÑ HΓev{oddpMq7.
In particular, the cap products of equivariant cohomology classes with group homology classes
naturally give rise to classes in HΓev{oddpMq7.
10. Cyclic Homology and Group Actions on Manifolds
There is a large amount of work on the cyclic homology of crossed-product algebras, especially
in the case of group actions on manifolds or varieties (see, e.g., [10, 20, 21, 22, 18, 31, 32, 40,
44, 47, 69, 70, 74, 75]). In his seminal work on cyclic cohomology and foliations Connes [31]
constructed an explicit cochain map and quasi-isomorphism from equivariant cohomology into the
homogeneous component of the periodic cyclic cohomology. However, since then it was not until
the recent notes [74, 75] that further explicit quasi-isomorphisms were exhibited. In this section,
we briefly describe the results of [74, 75] in the case of group actions on manifolds.
Throughout this section we let Γ be a group acting by smooth diffeomorphisms on a closed
manifold Mn. We let A be the Fre´chet algebra C8pMq. The action of Γ gives rise to an action
on A given by (7.2). We also denote by AΓ the crossed-product algebra C
8pMq ¸ Γ, which we
endow with the locally convex algebra topology described in Section 7.
10.1. Preamble 1: Paracyclic and cylindrical modules. In the following two preambles we
let k be an arbitrary unital ring. In the context of group actions on algebras, we are naturally
lead to go beyond the scope of the mixed complexes and cyclic modules described in Section 3.
According to Getzler-Jones [47], a parachain complex is given by the datum of pC‚, b, Bq, where
Cm, m ě 0, are k-modules and b : C‚ Ñ C‚´1 and B : C‚ Ñ C‚`1 are k-module maps such that
b2 “ B2 “ 0 and bB`Bb “ 1´ T , where T : C‚ Ñ C‚ is some invertible k-module map. Given a
parachain complex C “ pC‚, b, Bq we also can form a cyclic complex C6 “ pC6‚, b` SBq as in the
case of mixed complexes. This need not be a chain complex (unless C is a mixed complex), but
we obtain a para-S-module (cf. Preamble 2).
Following [47], a paracyclic k-module is given by the datum of pC‚, d, s, tq, where Cm, m ě 0,
are k-modules and the k-module maps d : C‚ Ñ C‚´1, s : C‚ Ñ C‚`1 and t : C‚ Ñ C‚ define a
simplicial module structure in the same way as cyclic modules, but the cyclicity of the operator t is
replaced by the relation t “ ds and the requirement that t is invertible. Any paracyclic k-module
gives rise to a parachain complex pC‚, b, Bq, where b is defined in the same way as with cyclic
k-modules and B “ p1´ τqs1N with s1 “ sb1s and b1 “ řm´1j“0 p´1qjdj “ b´ d on Cm. In that case
T “ 1´pbB`Bbq “ tm`1 on Cm. (When C is a cyclic module we obtain a mixed complex which
is isomorphic to its usual mixed complex.)
A parachain bicomplex is given by the datum of pC‚,‚,sb, sB, b,Bq, where Cp,q, p, q ě 0, are
k-modules, pC‚,q,sb, sBq and pCp,‚, b, Bq are parachain complexes for all p, q ě 0, and the horizontal
differentials psb, sBq both commute with each of the vertical differentials pb, Bq. We have a cylindrical
complex when the operators sT “ 1´ psb sB ` sBsbq and T “ 1´ pbB `Bbq are inverses of each other
(cf [47]). As observed in [47], any cylindrical complex gives rise to a total mixed complex TotpCq “
pTot‚pCq, b:, B:q, where TotmpCq “
À
p`q“m Cp,q and b
: “ sb ` p´1qpb and B: “ sB ` p´1qp sTB
on Cp,q.
A bi-paracyclic k-module is given by the datum of pC‚,‚, sd, s,st, d, s, tq, where Cp,q, p, q ě 0, are
k-modules, pC‚,q, sd, s,stq and pCp,‚, d, s, tq are paracyclic k-modules for all p, q ě 0, and all the
horizontal operators psd, s,stq commute with each of the vertical operators pd, s, tq. We have a cylin-
drical k-module when stp`1tq`1 “ 1 on Cp,q. Any cyclindrical k-module C “ pC‚,‚, sd, s,st, d, s, tq
gives rise to a cyclindrical complex pC‚,‚,sb, sB, b,Bq, where psb, sBq (resp., pb, Bq) are defined as
above by using psd, s,stq (resp., pd, s, tq). This gives rise to a total mixed complex TotpCq. We
also obtain a diagonal cyclic k-module DiagpCq “ pDiag‚pCq, sdd, ss,sttq, with DiagmpCq “ Cm,m,
m ě 0.
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10.2. Preamble 2: Triangular S-modules. The S-modules of Jones-Kassel [59, 61] encapsulate
various approaches to cyclic homology. More generally, according to [74] a para-S-module is given
by the datum of pC‚, b, Sq, where Cm,m ě 0, are k-modules and d : C‚ Ñ C‚´1 and S : C‚ Ñ C‚´2
are k-module maps commuting with each other such that d2 “ p1 ´ T qS where T : C‚ Ñ C‚ is
some k-module map commuting with both d and S. When d2 “ 0 we obtain an S-module. For
instance, if C “ pC‚, b, Bq is a parachain complex, then we can define its cyclic complex of the
para-S-module C6 “ pC6‚, b` SB, Sq.
According to [74], a (left) triangular para-S-module is given by the datum of pC‚,‚, d, b, B, Sq,
where Cp,q, p, q ě 0, are k-modules, pC‚,q, d, Sq is a para-S-module and pCp,‚, b, Bq is a parachain
complex for all p, q ě 0, the horizontal operators pd, Sq both commute with each of the vertical
differentials pb, Bq. We say that we have a (left) triangular S-module when d2 ` SpbB `Bbq “ 0.
Any cylindrical complex gives rise to a triangular S-module (cf. [74]). Triangular (para-)S-modules
provide us with a natural framework for defining the tensor product of (para-)S-modules with
mixed and parachain complexes (see Subsection 10.7 below).
Any triangular para-S-moduleC “ pC‚,‚, sd, b, B, Sq gives rise to a total para-S-module TotpCq “
pTot‚pCq, d:, Sq, where TotmpCq “
À
p`q“m Cp,q and d
: “ d` p´1qppb ` SBq on Cp,q. When C
is a triangular S-module the condition d2 ` SpbB ` Bbq “ 0 precisely ensures us that pd:q2 “ 0,
and so we actually obtain an S-module. Furthermore, the filtration by columns of Tot‚pCq is a
filtration of chain complexes, and so it gives rise to a spectral sequence converging to H‚pTotpCqq.
The spectral sequence of Getzler-Jones [47] is an instance of such a spectral sequence (cf. [74]).
10.3. The cylindrical space CφpΓ,Aq. As we shall see, a central role in the computation of the
cyclic homology of AΓ is played by some cylindrical spaces C
φpΓ,Aq that are defined as follows.
Suppose that φ is a central element of Γ. We can use φ to twist the cyclic structure of the cyclic
Γ-space CpΓq. We obtain the paracyclic Γ-space CφpΓq “ pC‚pΓq, d, sφ, tφq, where d is as in (9.1)
and the operators sφ : C‚pΓq Ñ C‚`1pΓq and tφ : C‚pΓq Ñ C‚pΓq are given by
sφpψ0, . . . , ψmq “ pφ´1ψm, ψ0, . . . , ψmq,
tφpψ0, . . . , ψmq “ pφ´1ψm, ψ0, . . . , ψm´1q, ψj P Γ.
The simplicial space structures of CφpΓq and CpΓq agree, and so the b-differential of CφpΓq is the
group differential B given by (9.3). We also observe that tm`1φ pψ0, . . . , ψmq “ pφ´1ψ0, . . . , φ´1ψmq,
i.e., tm`1φ agrees with the action of φ
´1 on CmpΓq.
We also can twist the cyclic structure of the cyclic Γ-space CpAq. We get the paracyclic Γ-space
CφpAq “ pC‚pAq, dφ, s, tφq, where s is given by (3.2) and the operators dφ : C‚pAq Ñ C‚´1pAq
and tφ : C‚pAq Ñ C‚pAq are given by
dφpf0 b ¨ ¨ ¨ b fmq “ rpφ´1 ¨ fmqf0s b f1 b ¨ ¨ ¨ b fm´1,
tφpf0 b ¨ ¨ ¨ b fmq “ pφ´1 ¨ fmq b f0 b ¨ ¨ ¨ b fm´1, f j P A.
Note also that tm`1φ agrees with the action of φ
´1 on CmpAΓq.
The cylindrical spaceCφpΓ,Aq is the tensor product over Γ of the paracyclic Γ-spaces CφpΓq and
CφpAq. Namely, CφpΓ,Aq “ pC‚,‚pΓ,Aq, sd, sφ,stφ, dφ, s, tφq, where Cp,qpΓ,Aq “ CppΓq bΓCqpAq,
and the horizontal (resp., vertical) structural operators psd, sφ,stφq (resp., pdφ, s, tφq) are given by
the structural operators of CφpΓq (resp., CφpAq). We obtain a cyclindrical space because in
degree m the operator stm`1φ tm`1φ arises from the diagonal action of φ´1 on CmpΓq b CmpAq,
and hence it agrees with the identity map on CmpΓq bΓ CmpAq. This gives rise to a diagonal
cyclic space DiagpCφpΓ,Aqq and a total mixed complex TotpCφpΓ,Aqq. By the Eilenberg-Zilber
theorem for bi-paracyclic spaces [62, 76, 85], at the level of their cyclic complexes we have an
explicit chain homotopy equivalence Tot‚
`
CφpΓφ,Aq
˘6 6ÝÝÝáâ Ý
AW6
Diag‚
`
CφpΓφ,Aq
˘6
, where 6 and
AW6 are S-maps whose zeroth degree components are the usual shuffle and Alexander-Whitney
maps. At the periodic level we also have a chain homotopy equivalence Tot‚
`
CφpΓφ,Aq
˘7 7ÝÝÝáâ Ý
AW7
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Diag‚
`
CφpΓφ,Aq
˘7
, where 7 and AW7 are the respective extensions of 6 and AW6 to periodic
chains.
10.4. Splitting along conjugacy classes. Given any φ P Γ, we denote by rφs its conjugacy
class. In addition, we let rΓs be the set of conjugacy classes of Γ. Given any φ P Γ and m ě 0, we
let CmpAΓqrφs be the closure in CpAΓq of the subspace spanned by elementary tensor products
f0uφ0 b ¨ ¨ ¨ b fmuφm , with f0, ..., fm in A and φ0, . . . , φm in Γ such that φ0 ¨ ¨ ¨φm P rφs. The
subspace C‚pAΓqrφs is preserved by the structural operators pd, s, tq in (3.1)–(3.3). We thus obtain
a cyclic subspace CpAΓqrφs “ pC‚pAΓqrφs, d, s, tq. We then have a direct-sum decomposition of
cyclic spaces,
(10.1) C‚pAΓq “
à
rφsPrΓs
C‚pAΓqrφs,
where the summation goes over all conjugacy classes.
In what follows, given φ P Γ, we denote by C6pAΓqrφs and C7pAΓqrφs the respective cyclic and
periodic complexes of the cyclic space C‚pAΓqrφs. We also denote byHC‚pAΓqrφs andHP‚pAΓqrφs
their respective homologies. At the cyclic level the decomposition (10.1) gives rise to direct-sum
decompositions,
C6‚pAΓq “
à
rφsPrΓs
C6‚pAΓqrφs and HC‚pAΓq “
à
rφsPrΓs
HC‚pAΓqrφs.
At the periodic level C7pAΓqrφs and HP‚pAΓqrφs are direct summands of C7pAΓq and HP‚pAΓq,
respectively. Therefore, we have direct-summand inclusions,à
rφsPrΓs
C7‚pAΓqrφs Ă C7‚pAΓq and
à
rφsPrΓs
HP‚pAΓqrφs Ă HP‚pAΓq.
These inclusions are onto when there is a finite number of conjugacy classes.
Given φ P Γ, let us denote by Γφ its centralizer in Γ. As φ is a central element of Γφ, we may
form the cylindrical complex CφpΓφ,Aq as above. We have a natural embedding of cyclic spaces
µφ : Diag‚pCφpΓφ,Aqq Ñ C‚pAΓqrφs given by
µφ
`pψ0, . . . , ψmq bΓφ pf0 b ¨ ¨ ¨ b fmq˘ “
rpψ´1m φq ¨ f0suφψ´1m ψ0 b pψ´10 ¨ f1quψ´10 ψ1 b ¨ ¨ ¨ b pψ
´1
m´1 ¨ fmquψ´1
m´1ψm
.
This cyclic space embedding gives rise to quasi-isomorphisms at the level the cyclic and periodic
complexes. We thus obtain explicit quasi-isomorphisms,
(10.2) Tot‚
`
CφpΓφ,Aq
˘6

6ÝÝÝáâ Ý
AW6
Diag‚
`
CφpΓφ,Aq
˘6 µφÝÝÑ C‚pAΓq6rφs.
There are analogous quasi-isomorphisms between the corresponding periodic cyclic complexes.
All this shows that the computation of the cyclic homology and periodic cyclic homology of AΓ
reduces to that of the mixed complexes Tot‚pCφpΓφ,Aqq, φ P Γ.
10.5. A twisted Connes-Hochschild-Kostant-Rosenberg Theorem. Let φ P Γ and denote
by Mφ its fixed-point set in M . We shall say that the action of φ on M is clean when, for every
x0 PMφ, the following two conditions are satisfied:
(i) The fixed-point set Mφ is a submanifold of M near x0.
(ii) We have Tx0M
φ “ kerpφ1px0q ´ 1q and Tx0M “ Tx0Mφ ‘ ranpφ1px0q ´ 1q.
We have a clean action whenever φ preserves an affine connection or even a Riemannian metric.
In particular, we always have a clean action when φ has finite order.
From now on we assume that the action of φ on M is clean. For a “ 0, 1, . . . , dimM , set
Mφa :“ tx P Mφ; dimkerpφ1pxq ´ 1q “ au. Each subset Mφa is a submanifold of M , and so we
have a disjoint union stratificationMφ “ ŮaMφa . This enables us to define the de Rham complex
ΩpMφq “ pΩ‚pMφq, dq as the direct sum of the de Rham complexes ΩpMφa q. Note also that
each component Mφa is preserved by the action of the centralizer Γφ. Let pCφpAq, bφ, Bφq be the
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parachain complex of the paracyclic Γ-space. Regarding ΩpMφq as a mixed complex pΩ‚pMφq, 0, dq
we then have a map of parachain complexes αφ : Cφ‚ pAq Ñ Ω‚pMφq given by
(10.3) αφpf0 b ¨ ¨ ¨ b fmq “ 1
m
ÿ
a
pf0df1 ^ ¨ ¨ ¨ ^ dfmq|Mφa , f
j P A.
Proposition 10.1 (Brylinski [20], Brylinski-Nistor [22]). Let φ P Γ acts cleanly on M . Then the
chain map αφ : pCφ‚ pAq, bφq Ñ pΩ‚pMφq, 0q is a quasi-isomorphism.
10.6. The Cyclic space CpAΓqrφs when φ has finite order. Let φ P Γ have finite order r.
Let C5pΓφq be the mixed complex pC‚pΓφq, B, 0q. We have a Γφ-equivariant map of parachain
complexes pενφq : Cφ‚ pΓφq Ñ C5‚pΓφq, where νφ : Cφ‚ pΓφq Ñ C‚pΓφq and ε : C‚pΓφq Ñ C5‚pΓφq are
projections given by
νφpψ0, . . . , ψmq “ 1
rm`1
ÿ
0ďjďm
ÿ
0ďℓjďr´1
pφℓ0ψ0, . . . , φℓmψmq,(10.4)
εpψ0, . . . , ψmq “ 1pm` 1q!
ÿ
σPSm
pψσ´1p0q, . . . , ψσ´1pmqq, ψj P Γφ,(10.5)
where Sm is the group of permutations of t0, . . . ,mu. This gives rise to explicit chain homotopy
equivalences between the cyclic complexes of CφpΓφq and C5pΓφq, as well as between their periodic
cyclic complexes ([23, 65, 74]).
As φ has finite order, its action on M is clean. We define the equivariant bicomplex CΓφpMφq
and the equivariant mixed bicomplex CpΓφ,Mφq as the direct sums of the bicomplexes CΓφpMφa q
and CpΓφ,Mφa q, respectively. This enables us to define the equivariant cohomology H‚ΓφpMφq and
mixed equivariant homology H
Γφ
‚ pMφq6 ofMφ. We observe that the mixed bicomplex CpΓφ,Mφq
is the tensor product over Γφ of the mixed complexes C
5pΓφq and pΩpMφq, 0, dq. Therefore, we
obtain a mixed complex map pενφqbαφ : Tot‚pCφpΓφ,Aqq Ñ Tot‚pCpΓφ,Mφqq, which is shown to
be a quasi-isomorphism [75]. Combining this with the quasi-isomorphisms (10.2) we then obtain
the following result.
Theorem 10.2 ([75]). Let φ P Γ have finite order.
(1) The following chain maps are quasi-isomorphisms,
(10.6) Tot‚
`
CpΓφ,Mφq
˘6 pενφqbαφÐÝÝÝÝÝÝ Tot‚ `CφpΓφ,Aq˘6 µφ˝6ÝÝÝÝÑ C‚pAΓq6rφs.
(2) There are similar quasi-isomorphisms between the respective periodic cyclic complexes.
(3) This gives rise to isomorphisms,
HC‚pAΓqrφs » HΓφ‚ pMφq6, HP‚pAΓqrφs » HΓφev{oddpMφq7
Remark 10.3. Brylinski-Nistor [22] expressed HC‚pAΓqrφs and HP‚pAΓqrφs in terms of the equi-
variant homology of Mφ. We obtain explicit quasi-isomorphisms with the equivariant homology
complex by combining the quasi-isomorphisms (10.6) with the Poincare´ duality for the de Rham
complex ΩpMφq. In particular, this enables us to recover the results of [22].
Remark 10.4. When φ “ 1 the cyclic space embedding µ1 actually is an isomorphism and has
an explicit inverse µ´11 : C‚pAΓqr1s Ñ Diag‚pCφpΓφ,Aqq. Therefore, in this case we obtain an
explicit quasi-isomorphism,
µ´11 ˝AW6 ˝pεb αq : C‚pAΓqr1s ÝÑ Tot‚ pCpΓ,Mqq6 .
There is a similar quasi-isomorphism at the periodic cyclic level. By duality this gives rise to a
map from the Γ-equivariant cohomology of M into the cyclic cohomology of AΓ. This provides us
with an alternative to the cochain map of Connes [31, 32].
Remark 10.5. When Γφ is finite, we have an explicit quasi-isomorphism of mixed complexes from
TotpCpΓφ,Mφqq to the Γφ-invariant de Rham mixed complex pΩ‚pMφqΓφ , 0, dq. This allows us to
express the cyclic homology and periodic cyclic homology of CpAΓqrφs in terms of the invariant de
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Rham cohomologyH‚pMφqΓφ . When Γ is finite, by using the splitting (10.1) we obtain an explicit
quasi-isomorphisms of mixed complexes between CpAΓq and the orbifold de Rham mixed complex
pΩ‚pM{Γq, 0, dq, where Ω‚pM{Γq :“ Àa Ω‚pMφqΓφ . This allows us to recover the identification
by Baum-Connes [10] of HP‚pAΓq with the orbifold cohomology Hev{oddpM{Γq.
Let ηφ : H
Γφ
ev{oddpMφq7 Ñ HP‚pAΓqrφs be the isomorphism given by Theorem 10.2. Composing
it with the cap product (9.7) arrives at the following statement.
Corollary 10.6 ([75]). Let φ P Γ have finite order. Then we have a graded bilinear graded map,
ηφp´ a ´q : Hev{oddΓφ pMφq ˆHev{oddpΓφ,Cq ÝÑ HP‚pAΓqrφs.
In particular, equivariant characteristic classes naturally give rise to classes in HP‚pAΓqrφs.
The definition of the isomorphism ηφ involve a cylindrical version of the shuffle map. Although
explicit, this map involves numerous terms. As it turns out, we actually obtain a very simple and
concise formula when we pair ηφ with cochains arising from equivariant currents as follows.
Let ΩΓpMq “ pΩΓ‚ pMq, dq be the cochain complex of equivariant currents, where ΩΓmpMq,m ě 0,
consists of maps C : ΓÑ ΩmpMq that are Γ-equivariant in the sense that
Cpψ´1φ0ψq “ ψ˚rCpφ0qs for all φ0, ψ P Γ.
Any equivariant current C P ΩΓmpMq defines a cochain ϕC P CmpAΓq given by
(10.7) ϕCpf0uψ0 , . . . , fmuψmq “
1
m!
A
Cpψq, f0dfˆ1 ^ ¨ ¨ ¨ ^ dfˆm
E
, f j P A, ψj P Γ,
where we have set ψ “ ψ0 ¨ ¨ ¨ψm and fˆ j “ f j ˝ pψ0 ¨ ¨ ¨ψj´1q´1. This provides us with a map
of mixed complexes from pΩΓ‚ pMq, d, 0q to pC‚pAΓq, B, bq. Therefore, we obtain cochain maps
between their respective cyclic and periodic cochain complexes. Note that the periodic cyclic
complex of ΩΓpMq is just pΩΓev{oddpMq, dq, with ΩΓev{oddpMq “
À
m even/oddΩ
Γ
mpMq.
In what follows, given any equivariant chain ω P Cev{oddpΓφ,Mφq, we denote by ω0 its compo-
nent in C0,‚pΓφ,Mφq » Ω‚pMφq. In addition, when ω is a cycle we shall denote by rωs its class in
H
ev{odd
Γφ
pMφq7.
Proposition 10.7 ([75]). Let φ P Γ have finite order. Then, for any closed equivariant current
C P ΩΓev{oddpMq and any mixed equivariant cycle ω P Cev{oddpΓφ,Mφq, we have@
ϕC , η
φprωsqD “ xCpφq, ω˜0y ,
where ω˜0 P ΩevpMq is such that ι˚Mφ ω˜0 “ ω0.
10.7. The Cyclic space CpAΓqrφs when φ has infinite order. Let φ P Γ have infinite order.
Set Γφ “ Γφ{xφy, where xφy is the subgroup generated by φ. The canonical projection spi : Γφ Ñ Γφ
gives rise to a pΓφ,Γφq-equivariant paracyclic Γφ-space map spi : Cφ‚ pΓφq Ñ C‚pΓφq. Composing this
map with the projection pi6 : C‚pΓφq6 Ñ C‚pΓφq and the antisymmetrization map ε : C‚pΓφq Ñ
C‚pΓφq given by (10.5), we then obtain a pΓφ,Γφq-equivariant chain map sε6 : Cφ‚ pΓφq6 Ñ C‚pΓφq.
In addition, let uφ P C2pΓφ,Zq be a 2-cocycle representing the Euler class eφ P H2pΓφ,Zq of the
Abelian extension 1 Ñ xφy Ñ Γφ Ñ Γφ Ñ 1 (cf. [19, 80]). The cap product with uφ then gives
rise to a chain map uφ a ´ : C‚pΓφq Ñ C‚´2pΓφq. Then there is an explicit chain homotopy
hφ : C
φ
‚ pΓφq6 Ñ C‚´1pΓφq such that sε6S ´ puφ a ´qsε6 “ Bhφ ` hφpB ` BφSq, where Bφ is the
B-differential of CφpΓφq (see [58, 74]).
Assume further that φ acts cleanly on M . As φ acts trivially on the fixed-point set Mφ, the
action of Γφ on Ω
‚pMφq descends to an action of Γφ. Moreover, as uφ a ´ is a chain map
of degree ´2, we get an S-module CσpΓφq “ pC‚pΓφq, B, uφ a ´q. The triangular S-module
CσpΓφ,ΩpMφqq is obtained as the tensor product over Γφ of CσpΓφq with the de Rham mixed
complex pΩ‚pMφq, 0, dq. Namely, CσpΓφ,ΩpMφqq “ pCσ‚,‚pΓφ,ΩpMφqq, B, 0, d, uφ a ´q, where
Cσp,qpΓφ,ΩpMφqq “ CppΓφqbΓφΩqpMφq. Its total S-module is pTot‚pCσpΓφ,ΩpMφqqq, d:, uφ a ´q,
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where TotmpCσpΓφ,ΩpMφqqq “
À
p`q“m CppΓφq bΓφ ΩqpMφq and d: “ B ` p´1qpdpuφ a ´q on
CppΓφq bΓφ ΩqpMφq.
We observe that
Totm
`
CφpΓφ,Aq
˘6 “ Totm `CφpΓφ,Aq˘‘ Totm´2 `CφpΓφ,Aq˘6 ¨ ¨ ¨
“ à
m´pp`qqP2N0
CppΓφq bΓφ CqpAq
“ à
p`q“m
pCppΓφq ‘ Cp´2pΓφq ‘ ¨ ¨ ¨ q bΓφ CqpAq
“ à
p`q“m
Cφp pΓφq6 bΓφ CqpAq.
Using this we get a chain map θp1 b αφq : Tot‚pCφpΓφ,Aqq6 Ñ Tot‚pCσpΓφ,ΩpMφqqq, where αφ
is given by (10.3) and θ : Cφ‚ pΓφq b Ω‚pMφq Ñ C‚pΓφq bΓφ Ω‚pMφq is given by
θ “ sε6 b 1` p´1qp´1phφ b dq on Cφp pΓφq bΓφ ΩqpMφqq.
We then have the following result.
Theorem 10.8 ([75]). Let φ P Γ have infinite order and act cleanly on M .
(1) The following chain maps are quasi-isomorphisms,
(10.8) Tot‚pCσpΓφ,ΩpMφqqq θp1bαqÐÝÝÝÝ Tot‚
`
CφpΓφ,Aq
˘6 µφ˝6ÝÝÝÝÑ C‚pAΓq6rφs.
(2) This gives rise to an isomorphism,
(10.9) HC‚pAΓqrφs » H‚
`
TotpCσpΓφ,ΩpMφqqq
˘
.
(3) Under this isomorphism, the periodicity operator of HC‚pAΓqrφs is given by the cap prod-
uct,
eφ a ´ : H‚
`
TotpCσpΓφ,ΩpMφqqq
˘ ÝÑ H‚´2 `TotpCσpΓφ,ΩpMφqqq˘ ,
where eφ P H2pΓφ,Zq is the Euler class of the extension 1 Ñ xφy Ñ Γφ Ñ Γφ Ñ 1. In
particular, HP‚pAΓqrφs “ 0 whenever eφ is nilpotent in H‚pΓφ,Cq.
Remark 10.9. The quasi-isomorphisms (10.8) and the filtration by columns of Tot‚pCσpΓφ,ΩpMφqqq
give rise to a spectral sequence,
E2p,q “ HppΓφ,ΩqpMφqq ùñ HCp`qpAΓqrφs,
where the d2-differential is p´1qpdpuφ a ´q : HppΓφ,ΩqpMφqq Ñ Hp´2pΓφ,Ωq`1pMφqq. Crainic [40]
obtained such a spectral sequence. He inferred from this thatHCmpAΓqrφs » ‘p`q“mHppΓφ,ΩqpMφqq
(see [40, Corollary 4.15]). What we really have is the isomorphism (10.9).
Remark 10.10. When φ P Γ has infinite order and does not act cleanly on M , we still have a
spectral sequence
E2p,q “ HppΓφ, Hφq pAqq ùñ HCp`qpAΓqrφs,
where Hφ‚ pAq is the homology of the twisted Hochschild complex pCφ‚ pAq, bφq (see [40, 75]). In
addition, it can be shown that HC‚pAΓqrφs is a module over the cohomology ring H‚pΓφ,Cq
and its periodicity operator is given by the action of the Euler class eφ (see [40, 70, 75]). In
particular, HP‚pAΓqrφs “ 0 whenever eφ is nilpotent in H‚pΓφ,Cq. In [75] this action arises from
the construction in [74] of an explicit coproduct at the level of chains.
Remark 10.11. The nilpotence of the Euler class eφ in H
‚pΓ,Qq is closely related to the Bass
and idempotent conjectures (see, e.g., [43, 58]). In particular, eφ is rationally nilpotent for every
infinite order element φ P Γ whenever Γ belongs to one of the following classes of groups: free
products of Abelian groups, hyperbolic groups, and arithmetic groups.
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11. Conformal Invariants
In this section, we shall use the results of the previous section to compute the conformal
invariants produced by Theorem 7.7. This will provide us with a new family of geometric conformal
invariants associated with equivariant classes and conformal diffeomorphisms.
Throughout this section we let Mn be an even dimensional spin oriented compact manifold
equipped with a non-flat conformal structure C . In addition, we let G be the (identity component)
of the group of orientation-preserving diffeomorphisms of M preserving the conformal structure
C and the spin structure of M .
11.1. Conformal invariants from mixed equivariant cycles. Let φ P G have finite order.
We denote by Gφ its centralizer in G. As in Section 10, given any mixed equivariant chain ω P
Cev{oddpGφ,Mφq we denote by ω0 its component in C0pGφ,Cq bGφ Ωev{oddpMφq » Ωev{oddpMφq.
By Theorem 10.2 we have an isomorphism ηφ : H
Gφ
ev{oddpMφq7 Ñ HP‚pAGqrφs. As HP‚pAGqrφs
is a direct summand of HP‚pAGq we obtain a linear embedding ηφ : HGφev{oddpMφq7 ãÑ HP‚pAGq.
Given any metric g P C and any even mixed equivariant cycle ω P CGφev pGφ,Mφq, we set
Iφg pωq :“
@
Chp {Dgqσg , ηφrωs
D
,
where rωs is the class of ω in HGφev{oddpMφq7, and Chp {Dgqσg P HP0pAGq is the Connes-Chern
character of the conformal twisted spectral triple pC8pMq, L2gpM, {Sq, {Dgqσg associated with g.
Theorem 11.1. Let φ P G have finite order. In addition, let ω P CGφev pGφ,Mφq be a mixed
equivariant cycle.
(1) The scalar Iφg pωq is an invariant of the conformal class C . Moreover, it depends only on
the class of ω in the even mixed equivariant homology H
Gφ
ev pMφq7.
(2) For any G-invariant metric g P C , we have
(11.1) Iφg pωq “
ż
Mφ
ΥφpRq ^ ω0,
where ΥφpRq is defined by (8.3) and the integral has the same meaning as in (8.1).
Proof. By Theorem 7.7 the Connes-Chern character Chp {Dgqσg P HP0pAGq is an invariant of the
conformal class C . Therefore, Iφg pωq “
@
Chp {Dgqσg , ηφrωs
D
depends only on the conformal class
C and the class of ω in H
Gφ
ev pMφq7. This proves the first part.
As for the second part, let g be a G-invariant metric in C . By Theorem 8.4 the Connes-Chern
character Chp {Dgqσg P HP0pAGq is represented by the CM cocycle ϕCM P C0pAGq7 associated
with g by (8.4). Thus,
(11.2) Iφg pωq “
@rϕCMs, ηφrωsD .
Recall that, given any φ0 P G, the differential form Υφ0pRq P ΩevpMφ0q is defined by
Υφ0pRqˇˇ
M
φ0
a
“ p´iqn2 p2piq´ a2 Aˆ
´
RTM
φ0
a
¯
^ Vφ0
´
RN
φ0
a
¯
, a “ 0, 2, . . . , n,
where the differential forms AˆpRTMφ0a q and Vφ0pRN
φ0
a q are given by (8.2). Note that AˆpRTMφ0a q
and Vφ0pRN
φ0
a q are characteristic differential forms for the vector bundles TMφ0a and Nφ0a , respec-
tively. In particular, these differential forms are closed, and hence, Υφ0pRq is closed differential
form on Mφ0 .
Let ψ P G and set φ1 “ ψ´1φ0ψ. For a “ 0, 2, . . . , n, the diffeomorphism ψ induces an isometric
diffeomorphism from Mφ0a onto M
φ1
a , and, hence, ψ˚AˆpRTM
φ0
a q “ AˆpRTMφ1a q. As the action of
ψ on TM is isometric, it also induces a vector bundle isomorphism ψ˚ : N
φ0
a Ñ Nφ1a such that
ψ˚∇
N
φ0
a “ ∇Nφ1a and pψ˚q´1φN0 ψ˚ “ φN1 on Nφ1a . Thus,
ψ˚Vφ0pRN
φ0
a q “ ψ˚det´ 12
ˆ
1´ φN0 e´R
N
φ0
a
˙
“ det´ 12
ˆ
1´ φN1 e´R
N
φ1
a
˙
“ Vφ1pRN
φ1
a q.
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It then follows that
(11.3) ψ˚Υ
φ0pRq “ Υψ´1φ0ψpRq @ψ P G.
Let ΩGpMq “ pΩG‚ pMq, dq be the G-equivariant de Rham complex ofM as defined in Section 10.
Let C : GÑ ΩevpMq be the map defined by
xCpφ0q, ξy “
ż
Mφ0
Υφ0pRq ^ ι˚
Mφ0
ξ, ξ P ΩevpMq, φ0 P G.
For each φ0 P G, this defines a current Cpφ0q P ΩevpMq which is the image of the Poincare´ dual
of Υφ0pRq under the canonical embedding pιMφ0 q˚ : Ω‚pMφ0q Ñ Ω‚pMq. In particular, we see
that Cpφ0q is a closed de Rham current. In addition, let ψ P G and φ1 “ ψ´1ψ0ψ. Then the
G-equivariance (11.3) of C implies that
xCpφ0q, ψ˚ξy “
ż
Mφ0
ψ˚
`
Υφ0pRq ^ ι˚
Mφ0
ξ
˘ “ ż
Mφ1
Υφ1pRq ^ ι˚
Mφ1
ξ “ xCpφ1q, ξy .
This shows that C : GÑ ΩevpMq is a closed equivariant current in ΩGevpMq.
We observe that it follows from (10.7) and (8.4) that ϕCM “ ϕC . Combining this with Propo-
sition 10.7 and (11.2) we then get
Iφg pωq “
@
ϕC , η
φrωsD “ xCpφq, ω˜0y ,
where ω˜0 P ΩevpMq is such that ι˚Mφ ω˜0 “ ω0. In view of the definition of Cpφq we obtain
Iφg pωq “
ż
Mφ
ΥφpRq ^ ι˚Mφ ω˜0 “
ż
Mφ
ΥφpRq ^ ω0.
This proves (11.1) and completes the proof. 
Combining Theorem 11.1 with Corollary 10.6 we immediately get the following corollary.
Corollary 11.2. Let φ P G have finite order. In addition, let ω be a closed equivariant cocycle in
CevGφpMφq (resp., CoddGφ pMφq) and γ a group cycle in CppGφ,Cq with p even (resp., odd).
(1) The scalar Iφg pω a γq is an invariant of the conformal class C which depends only on the
class of ω in the equivariant cohomology H
ev{odd
Gφ
pMφq and on the class of γ in the group
homology HppGφ,Cq.
(2) For any G-invariant metric g P C , we have
(11.4) Iφg pω a γq “
ż
Mφ
ΥφpRq ^ pω a γq0,
11.2. Conformal invariants and equivariant characteristic classes. Given a P t0, 2, . . . , nu,
let E be aGφ-equivariant vector bundle overM
φ
a equipped with a connection∇
E . Let ChGφp∇Eq P
CevGφpMφa q be the equivariant Chern form associated with ∇E (cf. Section 9). As mentioned in
Section 9, it represents the equivariant Chern character of E in HevGφpMφa q. By construction
ChGφp∇Eq “ pChpGφp∇Eqqpě0, where Ch
p
Gφ
p∇Eq P CppGφ,Ω‚pMφqq is given by (9.5) for p “ 0
and by (9.6) for p ě 1. Thus,`
ChGφp∇Eq a 1
˘
0
“ ChGφp∇Eqp1q “ Chp∇Eq.
Combining this (11.4) we then arrive at the following statement.
Proposition 11.3. Let φ P G have finite order. In addition, let E be a Gφ-equivariant vector
bundle over Mφa for some a P t0, 2, . . . , nu. Then, for every G-invariant metric g P C and every
connection ∇E on E, we have
(11.5) Iφg
`
ChGφp∇Eq a 1
˘ “ ż
M
φ
a
ΥφpRq ^ Chp∇Eq.
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The right-hand side of (11.5) has a natural interpretation as a generalized Lefschtez number
as follows. Let E be a G-equivariant vector bundle over M equipped with a connection ∇E . For
a “ 0, 2, . . . , n, we denote by Eφa the restriction of E to Mφa . This is a Gφ-equivariant vector
bundle over Mφa . The connection ∇
E induces a Gφ-invariant connection ∇
Eφa on each vector
bundle Eφa . We also set E
φ “ ŮaEφa . This is a Gφ-equivariant (topological) vector bundle over
Mφ. We equip Eφ with the connection ∇E “ Àa∇Eφa . Recall that CevGφpMφq “ Àa CevGφpMφa q
and HevGφpMφq “
À
aH
ev
Gφ
pMφa q. We then define the Gφ-equivariant Chern character of Eφ by
ChGφpEφq :“
ÿ
a
ChGφpEφq P HevGφpMφq.
It is represented by the equivariant Chern form,
ChGφp∇E
φq :“
ÿ
a
ChGφp∇E
φ
a q P CevGφpMφq.
We have IgpChGφp∇E
φq a 1q “ řa IgpChGφp∇Eφa q a 1q. Therefore, by using (11.5) we get
Ig
´
ChGφp∇E
φq a 1
¯
“
ÿ
a
ż
M
φ
a
ΥφpRq ^ Chp∇Eφa q
“
ż
Mφ
ΥφpRq ^ ι˚
Mφ
Chp∇Eq.(11.6)
Let us further assume that E is equipped with a G-invariant Hermitian metric and ∇E is a
G-invariant Hermitian connection on E. In particular, any diffeomorphism φ P G lifts to a unitary
vector bundle isomorphism φE : E Ñ φ˚E. Given any G-invariant metric g P C , we then get a
unitary representation φÑ UEφ of G into L2gpM, {S b Eq given by
pUEφ ξqpxq “ pφ {S b φEqrξpφ´1pxqqs for all ξ P L2gpM, {S b Eq.
Note also that Uφ preserves the Z2-grading,
(11.7) L2gpM, {S b Eq “ L2gpM, {S` b Eq ‘ L2gpM, {S´ b Eq.
Let {D∇E : C8pM, {SbEq Ñ C8pM, {SbEq be the Dirac operator associated with the Hermitian
connection ∇E . Namely,
{D∇E “ {Dg b 1E ` pcb 1Eq ˝∇E ,
where {Dg : C8pM, {Sq Ñ C8pM, {Sq is the Dirac operator of M and c : T ˚M ˆ {S Ñ {S is the
Clifford action of T ˚M on {S. With respect to the splitting (11.7) the operator {D∇E takes the
form,
{D∇E “
˜
0 {D´∇E
{D`∇E 0
¸
.
As {D∇E is G-invariant, the nullspaces ker {D˘∇E are preserved by the action of G associated with
the representation φÑ UEφ . The equivariant index ind {D∇E : GÑ R (a.k.a. generalized Lefschetz
number) is then defined by
ind {D∇E pφq “ Tr
„
UE
φ|ker {D`
∇E

´ Tr
„
UE
φ| ker {D´
∇E

@φ P G.
When φ “ idM we recover the Fredholm index of {D∇E . When all the fixed-points of φ are iso-
lated this agrees with the Lefschetz number of φ with respect to the Dirac complex with coefficients
in E in the sense of Atiyah-Bott [2, 3]. The equivariant index theorem of Atiyah-Segal-Singer [4, 6]
produces a geometric formula for the equivariant index. Namely,
ind {D∇E pφq “
ż
Mφ
ΥφpRq ^ ι˚
Mφ
Chp∇Eq.
Combining this formula with (11.6) we then arrive at the following result.
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Theorem 11.4. Let φ P G have finite order. In addition, let E be a G-equivariant Hermitian
vector bundle overM . Then, for every G-invariant metric g P C and every G-invariant Hermitian
connection ∇E on E, we have
Ig
´
ChGφp∇E
φq a 1
¯
“
ż
Mφ
ΥφpRq ^ ι˚Mφ Chp∇Eq
“ ind {D∇E pφq.
In particular, when the fixed-points of φ are isolated, the conformal invariant IgpChGφp∇E
φq a 1q
is given by the Lefschetz number of φ with respect to the Dirac complex with coefficients in E.
11.3. Conformal indices. The conformal invariants Iφg pωq arising from Theorem 11.1 shed a
new light on the conformal indices of Branson-Ørsted [16, 17]. To put things into context, let
Pg : C
8pM,Eq Ñ C8pM,Eq be a natural differential operator of (even) order m ď n ` 2 with
positive-definite leading symbol which is the power of some conformally covariant operator. Ex-
amples include the Yamabe and Paneitz operators, and more generally the conformal powers of
the Laplacian of Graham-Jenne-Mason-Sparling [50]. Non-scalar examples include the square of
the Dirac operator and the conformal powers of the Hodge Laplacian of Branson-Gover [15]. Such
operators then admit a short-time heat-semigroup expansion,
Tr
“
e´tPg
‰ „ ÿ
jě0
tj´mˆ
ż
M
bjpPgqpxq|dx| as tÑ 0`.
Here mˆ “ n`2´m, |dx| is the Riemmanian density, and bjpPgqpxq is given by a universal expression
in terms of the metric g and its derivatives. Consider the constant term in the asymptotic expansion
above, i.e.,
JpPgq :“
ż
M
bmˆpPgqpxq|dx|.
Branson-Ørsted [16] (see also Parker-Rosenberg [71]) showed that JpPgq is an invariant of the
conformal class of g. Branson-Ørsted called it the conformal index of Pg.
More generally, let φ : M Ñ M be a smooth isometry which lifts to a unitary vector bundle
isomorphism φE : E Ñ E. Then, in the same way as in Section 7, this gives rise to a unitary
operator Uφ : L
2pM,Eq Ñ L2pM,Eq. In addition, the fixed-point set of φ is a disjoint union
Mφ “ ŮMφa , whereMφa is a submanifold ofM of dimension a. It can be shown (see, e.g, [49, 78])
that we have a short-time asymptotic,
Tr
“
e´tPgUφ
‰ „ ÿ
jě0
ÿ
0ďaďn
tj´mˆpaq
ż
M
φ
a
b
paq
j pPgqpxq|dx| as tÑ 0`.
Here mˆpaq “ a` 2 ´m and bpaqj pPgqpxq is given by a universal expression in terms of the metric
g and the diffeomorphism φ and their partial derivatives. For a “ 0, . . . , n, define
JaφpPgq :“
ż
M
φ
a
b
paq
mˆpaqpPgqpxq|dx|.
Let us denote by C the conformal class of g and by Cφ the sub-class consisting of φ-invariant
metrics in C . Thus, gˆ P Cφ if and only if gˆ “ k´2g with k P C8pMq, k ą 0 such that k ˝ φ “ k.
Proposition 11.5 (Branson-Ørsted [17]). For a “ 0, . . . , n, the scalar JaφpPgq is an invariant of
the sub-class Cφ.
This result provides us with invariants of the sub-class Cφ only. As we shall now see, in the case
of the square of the Dirac operator, we actually obtain invariants of the whole conformal class C
as follows.
We shall work in the original setup of this section, where M is a compact spin oriented Rie-
mannian manifold of even dimension n and G is a group of diffeomorphisms preserving the spin
structure and a given (non-flat) conformal structure C . Let ω “ ω0 ` ω2 ` ¨ ¨ ¨ ` ωn be an even
differential form on M , where ω2q P Ω2qpMq. For t ą 0 set
ctpωq :“ cpω0q ` tcpω2q ` ¨ ¨ ¨ ` tncpωnq,
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where c : Ω‚pMq Ñ C8pM,Endp{Sqq is the Clifford representation. The results of [78] then imply
that, for any G-invariant metric g P C , we have
Jφg pωq :“ lim
tÑ0`
Str
”
ctpωqe´ {DgUφ
ı
“
ż
Mφ
ΥφpRq ^ ι˚Mφω.
Note that if we take ω “ 1 on Mφa and ω “ 0 on Mφb with b ‰ a, then we obtain a “super-
symmetric” version of the conformal index Jaφp {D
2
gq. In fact, an extension of the arguments of [17]
shows that Jφg pωq also is an invariant of the subclass Cφ.
Bearing this in mind, Theorem 11.1 asserts that, given any mixed equivariant cycle ω P
C
Gφ
ev pGφ,Mφq, for every G-invariant metric g P C , we have
Iφg pωq “
ż
Mφ
ΥφpRq ^ ω0 “ Jφg pω˜0q,
where ω˜0 is any differential form in Ω
evpMq such that ι˚
Mφ
ω˜0 is the component of ω in C0pGφqbGφ
ΩevpMφq » ΩevpMφq. Therefore, we see that the (generalized) conformal indices Jφg pωq actually
lead us to invariants of the full conformal class C .
In addition, let E be a finitely generated product module over AΓ and ∇
E a connection on E .
Assume further that ω is such that ηφpωq “ ChpEq. Then by the very definition of Iφg pωq we have
Jφg pω˜0q “ Iφg pωq “
@
Chp {Dgqσg , ηφpωq
D “ @Chp {Dgqσg ,ChpEqD “ ind {D∇E .
This shows that the generalized conformal index Jφg pω˜0q is a true Fredholm index. This confirms
the intuition of Branson-Ørsted that their conformal indices could be interpreted as some sort of
Fredholm indices.
11.4. Deser-Schwimmer conjecture. The conformal invariants arising from Theorem 11.1 are
not the same kind of conformal invariants as those considered by Alexakis [1] in his long solution
of the conjecture of Deser-Schwimmer [41]. This conjectures gives a description of all the global
conformal invariants. Here by a global conformal invariant it is meant an invariant of the form,
(11.8) Ig “
ż
M
P pgqpxq|dx|,
where P pgqpxq is a universal polynomial in the metric g and its derivatives in such a way that
the above integral is an invariant of the conformal class of the metric g. The difference with the
invariants from Theorem 11.1 lies in the fact that the latter takes into account the action of the
conformal diffeomorphisms, i.e., the conformal gauge group. As mentioned in the introduction,
this of some importance in the context of string theory and conformal gravity.
We obtain from Theorem 11.1 conformal invariants of the form (11.8) when φ “ 1. In this case,
given any mixed equivariant cycle ω P CevpG,Mq, for every G-invariant metric g P C , we have
I1g pωq “
ż
M
AˆpRM q ^ ω0.
Note that the conformal invariance of the above integral is also an immediate consequence of the
well-known conformal invariance of the Aˆ-form AˆpRM q (see Avez [7] and Chern-Simons [26]).
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